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Abstract: In this paper, we determine the norm of an elementary operator in a tensor product. More
precisely, we investigate the bounds of the norm of a basic elementary operator in a tensor product. We
employ the techniques of tensor products and finite rank operators to express the norm of an elementary
operator in terms of its coefficient operators. We also show that the norm of a basic elementary operator on
B{H&K) is expressible in terms of the norms of basic elementary operators on B{H} and E(K).

Keywords: Basic Elementary Operator, Finite rank Operator and Tensor product.

1. INTRODUCTION

Many researchers have studied the properties of elementary operators, including numerical ranges,
spectrum, compactness and rank in great depth and many results obtained. The norm property has also
been considered in large number of studies but remains an interesting area of research for many
researchers. More specifically, deriving a formula to express the norm of an arbitrary elementary
operator in terms of its coefficient operators remains a topic for research in operator theory. In this
paper the properties of tensor products and finite rank operators are applied in determining the norm
of a basic elementary operator in a tensor product.

Let H be a complex Hilbert space andB{H) be the set of bounded linear operators on H. We define
the elementary operator T,,: B(H) — B(H)by;

T.(X) =X, A;XB, forall X € B{(H)whereA;, B;are fixed elements of B(H).

When n = 1, then we obtain a basic elementary operator T:B(H) — B(H), defined by;

T(X) = AXE, for allX € B(H) , where4, B are fixed elements of B(H).

We denote the basic elementary operator by My 5.

Whenn = 2, we obtain the elementary operator of length two, whereby;

T.(X) = A1 XB; + A.XB,for all X € B(H), whered;,B; are fixed elements of B(H) for i = 1,2,
The Jordan Elementary operator Us z: B{H) — B(H) defined by;

Uy p(X) = AXB+ BXA, for all X € B(H) where A, B are fixed elements of B(H) is an example of
an elementary operator.

A functional, f, is a mapping that maps vectors to real value, that is, f:x — R . A linear functional on
a linear space L satisfies the following two properties:

i) Additive: f(x+v) = f(x)+ F({v)

ii) Homogeneous: flax) = af(x)
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Now let u: H — R be functional, for a complex Hilbert space H , with dual H*. We define a finite
rank operatoru & x:H — Hby (u @ x)y = u(y)x,Vy €H, where u €H* and x EH is a unit
vector, with the norm determined as follows:

Iu® x = supfll (u®x)y l:y € H,Il vy =1}
=sup{lu(x l:y €H Iy lI=1)
= sup{ |u( | 1xl:y €H, Iy I=1)

= sup{|u(y) |:y e H 1y 1=1} = |u() |

In this paper, we use the above finite rank operator and properties of tensor products to determine the
norm of a basic elementary operator in a tensor product. The approaches used by Okelo and Agure
(2011) [11] and King’ang’i et al (2014)[12] are employed in obtaining our results.

2. THE NORM OF ELEMENTARY OPERATOR
In this section, we highlight some results obtained in this area.

Let H be a complex Hilbert space, B(H) be the algebra of bounded linear operators on H, and
A,B € B(H) be fixed. For a Jordan elementary operatorls z, Mathieu [1], in 1990 proved that in the
case of a prime £*— algebra, the lower bound of the norm of Us 5 can be estimated by:

| Usg =1 ATNB I

Also, Cabrera and Rodriguez [2] in 1994 proved that:

L LANBI

7 =
M Uae 1= 20t

On their part, Stacho and Zalar [3] in 1996, worked on the standard operator algebra (which is sub-
algebra of B(H) that contains all finite rank operators). They first showed that Ujg actually

represents a Jordan triple structure of a C* — algebra. They also showed that if T a standard Operator
algebra is acting on Hilbert space i and A,E €T then:

I Uss I=2(+2—1) 1 AllN B II.

They later in 1998, [4] proved that: | Ugg IZI AU B lifor the algebra of symmetric operators
acting on Hilbert space. They generally attached a family of Hilbert spaces to standard operator
algebra and used inner product in them to obtain their results.

In the year 2001, Barraa and Boumazgour [5] used the concept of numerical range of A relative to B,
denoted by W5(A4*B), to obtain their results. They employed the idea of finite rank operators to prove
the following theorem;

Theorem 2.1

Let H be a complex Hilbert space, E(H) be the algebra of bounded linear operators on H . If
A,B € B(H) with B # 0 then:

a
| Usz 12 suprewpace I B 1 A+—B 1},

The proof of the above Theorem can be obtained from Barraa and Boumazgour [5] Theorem 2.1.

As a consequence of this they proved the following Corollary and Proposition;

Corollary 2.2

Let H be a complex Hilbert space, B(H) be the algebra of bounded linear operators on H . If
A,B € B(H)and 0 € W5 (A*B)UW,(B*4), then:

I Ugg =0 AN B .
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Proposition 2.3
Let H be a complex Hilbert space, B(H) be the algebra of bounded linear operators on H . If

A, BEB(H)and | Al B lI€ Wgl{4*B) n W, (B*4), then:
I Uy lI=201A11EB1.

The proofs of the above corollary and proposition can also be found in Barraa and Boumazgour [5]
Corollary 2.1 and Proposition 2.3.

Further, in 2003, Timoney [6] [7] and in 2004, Blanco et al [8] arrived to the result that:
I Uge =10 AT E .

On his part, Boumazgour [9] in 2008 obtained the norm inequality for sum of two basic elementary
operators. He proved the following Theorem:

Theorem 2.4
If A,B,C and D are operators on B{H), then:

I Mag +Mcp 1< [(Max | BIZ1 D 12 +1 BD* 1)(Max | A 13,11 C 12 +1l AC* )]z

Later, in 2011 Okelo [10] used the numerical range and finite rank operators for the case of norm-
attained operators on B{H) and showed that:

| Mg I=1ANIEBI.

In 2011, Okelo and Agure [11] also used the concept of finite rank operators to determine the norm of
elementary operator and arrived at a following result;

Lemma 2.5

Let H be a complex Hilbert space, B{H) be the algebra of bounded linear operators on H. If
Myz: B(H) — B(H)is defined by My 5(X) = AXB where A,B € B(H) then:
I Mag I=I AN B I ¥X €B(H),with | X =1, and X(x) = xforall x €H.

The proof to this Lemma can be obtained from Okelo and Agure [11] Lemma 4.2.

In 2014 King’ang’i et al [12] used finite rank operator to determine the norm of the elementary
operatorTz. Below is the result that they proved:

Theorem 2.6

Let H be a complex Hilbert space, B{H) be the algebra of bounded linear operators on H. Let Tz be
the elementary operator on B(H) of length two. If for an operator X € B{H) with || X =1, we have

el
=

X(x) =xforall x EHthen |l T, = %2, I A; Il B; ||V A;,B; fixed in B(H) and i = 1,2,

For the proof see King’ang’i et al [12] theorem 2.5
This work and that of Okelo and Agure [11] forms basis of the results in this paper.

King’ang’i [13] in 2017 also employed the concept of the maximal numerical range of A*E relative to
B to determine the lower norm of an elementary operator length two. He proved the following
Theorem:

Theorem 2.7
Let Tz be an elementary operator of length two on B(H ). Then:

A
I Tg = mp.-lEWB. (By By {" I Bi I Ai + mﬂg "}
- 1
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Where W A;,B; fixedin B(H)and i =1,2.

He also determined the conditions on which the norm of T: is expressible in terms of the norm of its
coefficient operators by proving the following Corollary and theorem:

Corollary 2.8

Let H be a complex Hilbert space and A;,E; be bounded linear operators on Hfor i = 1,2, Let
0 € Wy, (B2 B )UW;g (B, By) then || Ty =1l Ay Il By Il where T is as defined earlier.

Theorem 2.9

Let H be acomplex Hilbert space and A4;,E; be bounded linear operators on H for i = 1,2, If
” Al " " Ag "E I’VA:(AEA;}and" Bj_ " " B: "E I:V.E'z (Bg B{c} then:

I T I=%5, 1 A; Il B; Il

3. ELEMENTARY OPERATORS IN A TENSOR PRODUCT

Before embarking on our main result, we introduce tensor products and define elementary operators in
a tensor product.

Let H = {xq,%x5,...} and K = {yy,¥s,...} be Hilbert spaces with inner/scalar products {x1,%2} and
{4, ¥2) respectively. A tensor product of Hand Kis a Hilbert space H®&K where
@&:H x K — H®K, (x,y) — x®y is a bilinear mapping such that;

i) The vectors xi@y form a total subset of H&@K |, that is, the closed linear span of the set of all the
vectors x@y is H&K. NB: A subset T of a topological space V is a total/fundamental set if the
linear span of T isdensein V.

i) (x1@yy, x2@v2) = (x4, %20y, ¥2), VX1, %5 € H, ¥4, ¥2 € K. This implies that

lx@yll = |lx[l|lyllforall x EH, y EK.

If A€ B(H), B € B(K), then B(H & K) is a Hilbert space and for 4 ® B € B(H @ K), we have
AQ®B(x®y) =Ax®Byforall x EH,y €K,

The following are properties of members of B{(H & K):

i) (AQB)C®D) =ACR® BD.

i)l A®B I=IAIIB I forall A,C €B(H),B,D € B(K).

LetH and Kbe complex Hilbert spaces, B{H & K)be the set of bounded linear operators on H & K
and A& B, C & D being fixed elements of, B(H & K), where A,C € B(H), the set of bounded
linear operators on H, and B,D € B(K) , the set of bounded linear operators on K;

Then the elementary operator T,: B{H & K) — B(H & Kis defined as:

T, (X ®Y) =¥ ,(4; ®B)IX®Y)(C;®D;), for all X®Y € B(H®K)and 4; ® B, C; ® D,
being fixed elements of B(H & K).

Whenn = 1, then we obtain a basic elementary operator T: B(H ¢ K) — B(H & K),

TXRY)=(ARB)YX@YNCE®D), for al XRYeB(H@K) and ARB,C®&D are fixed
elements of B{H & K.

We denote the basic elementary operator by Maggc@p, where A,C € B(H)and B,D € B(K).

Whenn = 2, we obtain the elementary operator of length two, where by:
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LXQY) =4 ®B )X QYV)C, ®D)+ (4@ B)(X ®Y)(C2® D) for all
X@YEBH®K), whered; ® B;,C; & D; are fixed elements of B(H ® K) fori =1,2.

The Jordan elementary operator Usgscmp:B(H & K) — B(H & K), is defined as;

UiepcopX RY) =(AQ@BIX @ YNCRD) +(CR D)X RY)NA R Blfor all X €B(H) and
A®B,C®D arefixed elements of B(H & K),where 4,C € B(H) and B, D € B(K).

4. NORM OF ELEMENTARY OPERATOR IN TENSOR PRODUCT

As our main result, we investigate the bounds of the norm of basic elementary operator in tensor
product defined in section three. We express the norm of this operator in terms of the operators on H
and K. Finally, we show that the norm of the basic elementary operator on B{H®&K) can be
expressed in terms of norms of the basic elementary operators on ‘B{(H ) and B (K.

Theorem 4.1

Let H and K be complex Hilbert spaces and B{H & K) be the set of bounded linear operators on
HE@K Thenforalll X@YEBHRK)with | X& Y ll=1 , we have

| Magzcmp I=1ANNEWIC D NI, where A,B and C,D are fixed elements in B(H) and B{(K)

respectively.

Proof

By Definition

| Mygpeep\BHR K) I=sup {l Mygprepn XY L X@YEBHRE)LIXR®Y =1}

I Myppcep\BHRE) I =1l MygprepX RY) LXRYEBHRE)LIX@YI=1

Then we have, ¥s = 0

I Magpcan\BH @ K) | —& < Migpcap XV IX@YEBHK)LIXRY I=1

That is;

| Mypacen\BH Q@ K) | —= <1 (A®B)(X®Y)(CRD) =l (A®B)(XCRYD) l=Il AXCRBYD =
I AXC Il BYD |

Since £ = 0 was arbitrarily taken then | Myg 5000 \B(H & K) =1 AXC |l BYD ||
Sincell Xll= 1, then; I AXCI=IANIXUICl=IATNCI

Thus; I AXCl=IANNCI 1)
Also, since | Yll=1,thenwe have; | BYDI=IBIIYIIDI=IBIIDI (2)
Thus from (1) and (2) then:

I Mygpcep\BHE)I=IANIBIICHIDI )

Conversely, let there exist a sequencefe,, ®f;, lof unit vectors in H @ K for each e, EH and f, €K
then for each n = 1, we have;

I Mygpcan(X @Y e @) 121 Magrcep(X @Y) Il (e,@f,) 1= Myggrep Il (X R Y) I
Il (e, @F)

But; | Mygscep Il (X @Y) I (e, @f) 1=l Magsecep 1 X TIY Il e, I £,
Sincell ¥ I=1L1¥l=1le,l=1andl f, I=1 then:
I Mygecap 12l Mygpean(X @ Y)(e,@f,) 1=l {AQBX ® V)C@D} e, @1 |
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But:ll {A®B(X ® Y)C®D)(e,&f) I=Il AQB(X ® Y)Ce, @D, I=Il AGB(XCe,@YDL,) |
Also:ll AQB(XCe, @YDE,) =l AXCe,@BYDL, =l AXCe, Ill BYDE,

We obtain that:
I MA[E]B,E@D I1=lI AXCEH 1] BYD}EH I (4)

Now let, 1, v: H — R* be functionals

From (4), choosing unit vectors x3,x; and define the finite rank operators A = u@x,,
¥ €EHIx =1 by Ae,=(u®x)e,=ule,)xand C=v®x; x:€EHIxI=1 by
Ce,, = (v@x,)e, = vie,)xs.

We observe that the norm of A is:
I All=sup {l (u®x,)e, l:e, €EH,lle, =1}
=sup {ll u(e,)xq l:e, € Hl g, =1}
= sup {|ule )| x1 l: e, €H,ll e, =1}
= sup{|ule,)l:e, € H, 1l &, II= 1} = |ule,)|
Thisis II 4 = |ule, )| for any unit vectors e, € H
Likewise, the norm of C is || € ll= |v{e,)| for any unit vectors e, € H
Therefore from (1) we have | AXCe,, =1l (u@x,)X(v@x,)e, |
By the definition of Finite rank operator Il AXCe, =l (u@®x1)X(v@x;)e, 1=l (u@x,)Xv(e,)xs |
=1 (u®x1)v(e,)Xx; 1= |ve,)] I (u®xy )X (x5) |
= |vlen)| IM{u@®x)X (x2) = [vlen)] 1wl (x2))xy |
= vl )| [u(X () xg =1 ANNC
Thus;l AXCe, I=1ANNC
Following the same steps then: || BYDf, II=Il B Il £ |

Thus, it is clear that:
| Mygpcap 121 AXCey, Wl BYDS, I=0ANNC B IND

This shows that:
I Myggeep IZIATIBIICHIDI ()

From (3) and (5) we obtain that:
| MagpegpI=1TANIBIICHIDI [

Corollary 4.2

Let H and K be complex Hilbert spaces and B(H & K) be the set of bounded linear operators
onH@K. If for all X®YEBH®K) with I1X&@YI=1 . then we
have | Myggcmp I=I Mg Il Mgp |, where Mg and  Mgpare basic elementary operators on
EB(H) and B(K) respectively (As defined in section 1).

Proof

The proof this corollary follows directly from theorem 4.1.
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Recall that from Okelo and Agure (2011) lemma 4.2; |[Myc|[=1411C1 , while
|Mzp|| =1 B 11 D 1L

Now, from theorem 4.1, we have:ll Myggcep I=1A 1B I C WD 1.
We can rearrange this as:l Myggcep I=1 A IIC IIE 1D 1.

Notice thatd, C € B{H) , while B, D € B(K).
Then substituting, we obtain;
I MA[E]B,E@.D 1=l MAJ[ I Mgﬂ ™

5. CONCLUSION

In this paper, we have investigated in theorem 4.1 the bounds of the norm of a basic elementary
operator in a tensor product defined in section 3 and expressed the norm of this operator in terms of
the operators on H and K .Finally, in Corollary 4.2, we have showed that the norm of a basic
elementary operator on B(H®K) can be expressed in terms of norms of the basic elementary

operators on B(H) and B (K.
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