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ABSTRACT

The Poiseuille equations are instrumental in modeling blood flow, particularly within large
and medium-sized arteries where laminar flow predominates. Derived under the assumption
of steady, incompressible, Newtonian flow through cylindrical tubes, these equations effec-
tively describe vascular dynamics in geometries approximating cylindrical shapes and at low
Reynolds numbers. However, their applicability diminishes in regions characterized by tur-
bulence, geometric irregularities, or pulsatile flow, such as those found in the carotid artery.
This study identifies three key research gaps in the application of Poiseuille equations to
carotid artery hemodynamics: (i) the influence of vascular shear stress under turbulent condi-
tions, (ii) the deviation introduced by pulsatile flow from the steady-state assumption inherent
in the Poiseuille model, and (iii) the geometric variability of the carotid artery and its under-
explored role in altering flow characteristics. To address these gaps, the study introduces a
novel formulation of the Poiseuille equation incorporating geometric drag and pulsatile flow
through a Womersley function. Governing equations were formulated based on modified
Poiseuille flow and solved numerically using the Finite Volume Method (FVM) implemented
in MATLAB, with custom code developed to simulate time-dependent blood flow. The nu-
merical scheme incorporated discretization of the Navier—Stokes equations and was executed
using MATLAB’s built-in solvers and post-processing tools for velocity, pressure, and vascu-
lar stress visualization. The simulation results revealed a significant reduction in flow rate and
velocity in regions with geometric interruptions. For example, the peak simulated velocity
reduced by approximately 28% in stenosed segments compared to normal arterial sections,
demonstrating a nonlinear velocity profile consistent with observed clinical behavior. The
simulations further indicated that geometric disturbances, such as stenosis and bifurcations,
resulted in an increase in vascular stress and a pronounced decrease in flow rate (()), partic-
ularly under turbulent conditions. This inverse relationship between vessel radius and flow
dynamics corroborates findings from existing studies on stenotic arteries. Additionally, the
analysis demonstrated that as artery radius (r) decreased, vascular stress W (r,t) increased
substantially, in line with predictions from Hagen—Poiseuille’s law. Pulsatility during systolic
phases further amplified wall shear stress (WSS), thus supporting the third objective of the
study. The findings emphasize the limitations of the classical Poiseuille-based model in tur-
bulent and pulsatile regimes and highlight the necessity for more robust modeling approaches
to accurately capture the complex hemodynamics of carotid artery flow under pathological
conditions.
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CHAPTER ONE

INTRODUCTION

1.1 Background Information

Blood flow in arteries is a complex phenomenon influenced by various factors, including the
rheological properties of blood, the geometric characteristics of arteries, and the dynamic
behavior of the circulatory system (Dutra et al., 2021; Kannojiya et al., 2020; Wajihah and
Sankar, 2023). Mathematical modeling of blood flow has traditionally relied on Navier-
Stokes equations (Avgerinos and Neofytou, 2019; Liu et al., 2021). While these equations
have been valuable in stimulating blood flow, the Poiseuille equations have the potential to
provide a more straightforward yet more insightful representation of arterial blood flow. The
Poiseuille equations, derived from the principles of fluid dynamics, describe laminar flow in
cylindrical tubes, which align well with the structure of arteries.

The Poiseuille equations are applicable in modeling blood flow under certain conditions due
to their relevance in describing laminar flow in cylindrical tubes (Nichols, 2022). The appli-
cability of Poiseuille equations in modeling blood flow is attributed to many factors, including
laminar flow assumptions, tube geometry, and pulsatility. The Poiseuille equations are de-
rived based on the assumption of laminar flow, which means that the fluid moves in smooth,
parallel layers with minimal turbulence. Blood flow in large and medium-sized arteries and
arterioles often exhibits laminar characteristics, particularly when the Reynolds number is be-
low a critical value (Lopes et al., 2020). In these conditions, the Poiseuille equations provide
a reasonably accurate representation of blood flow. The Poiseuille equations were originally

developed to describe flow in cylindrical tubes (Pisano and Pisano, 2021). Many blood ves-



sels, especially arteries, have approximately cylindrical shapes over significant portions of
their length. This makes the Poiseuille equations suitable for modelling blood flow in these
vessels. Blood is nearly incompressible under physiological conditions. The Poiseuille equa-
tions assume incompressible flow, which aligns with the behaviour of blood in the circulatory
system (Blokhin and Tkachev, 2020). The Poiseuille equations apply to Newtonian fluids,
which include blood within the typical range of shear rates found in arteries. Blood vis-
cosity, although non-constant, can be considered approximately constant for most modelling
purposes. The Poiseuille equations are often applied under steady-state or quasi-steady flow
conditions. This simplification is suitable for many modelling scenarios, especially when an-
alyzing long-term trends in blood flow. The Reynolds number (Re) is often relatively low in
arteries and arterioles due to the small diameters and low flow rates. Low Re values indicate
that the flow is more likely to be laminar, further justifying using the Poiseuille equations.
However, Poiseuille equations have limitations and may not be applicable in all situations.
For instance, in smaller blood vessels such as capillaries and regions of disturbed or turbulent
flow, the assumptions of the Poiseuille equations break down (Ashoor et al., 2021). In small
vessels like blood capillaries, blood flow is often disturbed or turbulent, and the assump-
tions and simplifications underlying the Poiseuille equations break down. In such situations,
more complex equations, such as the Navier-Stokes equations, are necessary to model the
flow behaviour accurately. Thus, in the proposed research, the study will be limited to blood
flow in the Carotid artery for a case of a uniform reduction of the carotid artery. The carotid
artery supplies blood to the head and neck, often exhibiting laminar flow. These arteries are
relatively large and have smooth, straight sections that promote laminar flow.

A uniform reduction in the diameter of blood arteries, known as arterial stenosis (Abnormal
narrowing of a bodily canal or passageway) or constriction, can introduce disturbances in
blood flow (Dhange et al., 2022a). This reduction in diameter can result from atherosclero-
sis (A stage of arteriosclerosis involving fatty deposits (atheromas) inside the arterial walls,

thus narrowing the arteries), arterial plaque buildup, or other pathological conditions. The



disturbances in blood flow caused by arterial stenosis can lead to various hemodynamic ef-
fects and clinical implications, including turbulence and changes in blood pressure. As the
cross-sectional area of the artery decreases due to stenosis, the blood velocity must increase
to maintain the same volumetric flow rate (according to the principle of continuity). This
increase in velocity can result in higher shear stress on the arterial walls and, in some cases,
transition the flow from laminar to turbulent. The flow may become turbulent in arteries with
severe stenosis, characterized by chaotic, irregular flow patterns (Freidoonimehr et al., 2020).
Turbulence can lead to increased friction and energy losses and may damage the endothelial
lining of the artery. Turbulent flow is associated with a higher risk of thrombosis and emboli
formation. Stenotic regions can create low-pressure zones immediately downstream, which
can contribute to the development of blood clots or thrombosis. Low-pressure zones can
also reduce the flow of oxygenated blood to downstream tissues. Disturbances in flow pat-
terns, such as recirculation zones and vortices, can develop around the stenotic region (Owais
et al., 2023). These disturbances can alter the distribution of blood cells, affecting the oxygen
supply to tissues and potentially contributing to the development of atherosclerotic plaques.
Hemodynamic changes caused by stenosis can lead to wall shear stress variations along the
artery. This can affect endothelial cells’ function and lead to endothelial dysfunction, in-
flammation, and increased risk of atherosclerosis development. In areas of disturbed flow,
platelets and other blood components may be more likely to aggregate, increasing the risk
of embolism or clot formation. These emboli can then travel to smaller arteries and obstruct

blood flow, potentially leading to serious complications.

1.2 Basic Concepts

1.2.1 Fundamentals of Blood Flow Dynamics

Blood, a complex fluid comprising red and white blood cells, platelets, and plasma, exhibits
different flow characteristics depending on vessel size (Kannojiya et al., 2020). In smaller

vessels, blood behaves as a non-Newtonian fluid, with its viscosity varying with shear rate



(Wajihah and Sankar, 2023). However, in large arteries such as the aorta, blood is often ap-
proximated as a Newtonian fluid, where viscosity remains constant, simplifying the analysis.
The theoretical modeling of blood flow is governed by fundamental fluid dynamics principles.
The two primary equations used are the continuity equation, which ensures mass conserva-
tion, and the Navier-Stokes equations, which describe the conservation of momentum. This

section focuses on the continuity equation and its role in blood flow modeling.

1.2.1.1 Continuity Equation

The continuity equation describes the principle of mass conservation in fluid dynamics. For
blood, which can be treated as an incompressible fluid in large vessels, the general form of

the continuity equation is (Kumar et al., 2022; Moreles et al., 2013):

dp B
a—i—v-(pu)—o (1.1)

where p is the density of blood, u is the velocity field of the blood flow, ¢ is time. This
equation states that the rate of change of density within a given volume plus the net flux of

mass across the boundary of that volume must equal zero.

1.2.1.2 Simplification for Incompressible Fluids

In the case of incompressible fluids, where the density p is constant, the equation simplifies

significantly. Since % = 0, the continuity equation reduces to (Farkhutdinov et al., 2020):

V-u=0 (1.2)

This simplified form implies that the velocity field is divergence-free, meaning there is no
net change in the volume of the fluid element. In essence, for every infinitesimal volume of
blood, the amount entering must equal the amount leaving (Spencer, 2020). This ensures that

the mass of blood is conserved throughout the flow.



1.2.2 Physiological Interpretation

The incompressible assumption holds true for blood in large vessels, such as arteries, where
the change in density is negligible (Myneni and Rajagopal, 2022). The continuity equation
plays a crucial role in describing the movement of blood through the circulatory system. For
instance, in an artery, the velocity of blood adjusts based on changes in the vessel’s cross-
sectional area to maintain constant mass flow. When a vessel narrows, the velocity increases;

when it widens, the velocity decreases.

1.2.2.1 Application to Vessel Networks

In branching networks of blood vessels, the continuity equation ensures that the total amount
of blood entering a junction equals the total amount leaving it (Ghitti et al., 2022). This is
essential in computational simulations of the cardiovascular system, where maintaining the
mass balance is crucial for accurate modeling of blood distribution. The equation helps pre-
dict how blood flows through complex vascular networks, accounting for changes in velocity

due to vessel diameter and bifurcation.

1.2.2.2 Blood Flow in a Vessel

Consider blood flowing through a cylindrical vessel with a varying diameter. The continuity
equation ensures that the mass of blood remains constant as it flows through different sections
of the vessel (Bertaglia et al., 2020). Since blood is treated as an incompressible fluid in large
arteries, the volumetric flow rate must remain constant at all points along the vessel. This
relationship is given by:

A1u1 = AQUQ (13)

where A; and A, are the cross-sectional areas of the vessel at two different points, u; and us
are the corresponding blood velocities. Equation (1.3) represents the conservation of mass

for incompressible fluids. It implies that the product of the cross-sectional area and velocity



remains constant along the length of the vessel. If the diameter of the vessel changes, the
velocity must adjust accordingly to maintain a constant flow rate. For instance, if the vessel
narrows at a point such that A, < A;, the velocity at that point must increase (uy > uy). This
is because a decrease in cross-sectional area necessitates an increase in velocity to ensure
the same volume of blood passes through per unit time. Conversely, if the vessel widens
(As > A,), the velocity decreases (up < wuy). This principle is crucial in understanding
blood flow dynamics in the human body, particularly in large arteries like the aorta, where
blood flow velocities and vessel diameters vary. The relationship between area and velocity
helps explain how blood adapts to changes in vessel geometry to maintain efficient circulation

throughout the body (Alexy et al., 2022).

1.2.2.3 Navier-Stokes Equations for Blood Flow

Blood, although a complex fluid with both solid and liquid components, can be modeled as an
incompressible, Newtonian fluid when studying flow in large arteries (Wajihah and Sankar,
2023). For an incompressible, Newtonian fluid, the Navier-Stokes equations are expressed

as:

o)
p(a—ltl+u-Vu) = —Vp+uViu+f (1.4)

where p is the fluid density (in this case, blood), u is the velocity vector field, p is the pressure
field, y is the dynamic viscosity of the fluid, V? is the Laplacian operator, representing the
second spatial derivatives, f is the external force field acting on the fluid.

Each term in the Navier-Stokes equations plays a significant role in describing the forces

acting on the fluid and how they influence its motion:

e The term %—‘; represents the local acceleration, or the rate of change of velocity with

respect to time at a specific point in the fluid.

¢ The term u - Vu is the convective acceleration, a nonlinear term that accounts for



changes in velocity as fluid particles move through the velocity field. This term intro-
duces the complexity of fluid motion, as it captures the interactions between different

fluid layers and their respective velocities.

* The pressure gradient term, Vp, drives the fluid flow. Blood moves from regions of
higher pressure to lower pressure, and this term accounts for the force exerted by the

pressure difference within the fluid.

* The viscous term, 11V ?u, represents viscous diffusion. This term models how internal
friction within the fluid (due to its viscosity) resists changes in velocity. The Laplacian
operator, V2, captures the spatial variation of the velocity field, and u controls the rate

at which momentum is diffused through the fluid due to viscous effects.

* Finally, f accounts for external forces acting on the fluid, such as gravitational forces

or forces due to the surrounding tissue in the case of blood flow.

For blood flow in large arteries, the Navier-Stokes equations help describe how momentum is
conserved while taking into account forces like pressure and viscosity (Siddqi, 2024). Blood
flow is primarily driven by the heart’s pumping action, which generates pressure differences
throughout the circulatory system. The pressure gradient term, Vp, models this driving force,
while the viscous term, ;' V?u, ensures that the viscosity of blood, caused by the interactions
between blood cells and plasma—slows down the fluid in regions where velocity gradients
exist. In large arteries, such as the aorta, blood can be approximated as a Newtonian fluid
because the shear rates are high, and the effect of blood’s non-Newtonian properties is min-
imized. The assumption of incompressibility simplifies the analysis, as it implies that the
density of blood remains constant, meaning that the continuity equation applies, as discussed
earlier.

One of the most challenging aspects of the Navier-Stokes equations is the nonlinear convec-
tive term, u- Vu (Kollmann, 2024). This term arises due to the nature of fluid flow, where the

velocity of a fluid particle changes as it moves through different regions of the velocity field.



The nonlinearity of this term makes solving the Navier-Stokes equations analytically difficult
in most practical cases, necessitating numerical methods and computational simulations for

complex blood flow scenarios.

1.2.3 Non-Newtonian Nature of Blood

Blood, although often approximated as a Newtonian fluid in large vessels, exhibits non-
Newtonian behavior, particularly in smaller vessels and under low shear conditions. This
non-Newtonian nature arises due to the complex composition of blood, which is a suspen-
sion of various cellular components such as red blood cells (RBCs), white blood cells, and
platelets, all suspended in plasma. The interactions between these components and their re-
sponse to varying shear rates lead to changes in blood’s viscosity, making it dependent on
the flow conditions (Wang et al., 2022). In smaller vessels, such as arterioles, capillaries,
and venules, where the diameter is small and the shear rates are low, the behavior of blood
becomes distinctly non-Newtonian. This variation in behavior must be captured using more
sophisticated models than the simple Newtonian approximation. One of the most commonly
used models to describe blood’s non-Newtonian behavior is the Casson model, which relates

shear stress to the shear rate in a nonlinear fashion (Shahzad et al., 2022).

1.2.3.1 The Casson Model

The Casson model describes the shear-thinning behavior of blood. Shear-thinning fluids
exhibit a decrease in viscosity with increasing shear rate, which is characteristic of blood

under physiological conditions. The model is given by the following equation:
F1/2 7_01/2 + 771/2"y1/2 (1.5)

where 7 is the shear stress, 7y is the yield stress, which represents the minimum stress required
for the fluid to start flowing, 7 is the plastic viscosity, representing the inherent resistance of

the fluid to flow,  is the shear rate, which measures the rate at which adjacent layers of fluid



move relative to each other.

The model in Equation (1.5) is particularly useful for capturing blood flow behavior at low
shear rates, where the non-Newtonian effects are most pronounced. At high shear rates, such
as those found in large arteries, blood’s behavior approaches that of a Newtonian fluid, where
viscosity becomes nearly constant and independent of the shear rate (Carvalho et al., 2021).
However, in small vessels or under slow flow conditions, yield stress 7y plays a critical role.
Blood must overcome this yield stress before it begins to flow, a key factor in understanding
blood behavior in microcirculation.

The Casson model has significant physiological implications, particularly in microcircula-
tion (Roy and Bég, 2021). In small vessels like capillaries, blood behaves as a viscoplastic
fluid. When the shear rate is low, such as in venules or during periods of low blood flow,
the yield stress 7y prevents blood from flowing freely. This leads to phenomena such as
the Fahraeus-Lindqvist effect, where the apparent viscosity of blood decreases as the vessel
diameter decreases, allowing for more efficient blood flow in narrow vessels. However, at
higher shear rates such as in exercise or larger arteries, viscous blood flows over the yield
stress more readily and the viscosity is reduced. This shear-thinning behavior allows blood
to easily flow through large and small vessels, adapting to the various needs that the body
requires for oxygen and nutrients.

Although the Casson model is properly able to describe the shear thinning transition of blood,
it has some drawbacks (Kannojiya, 2020, Simulation of physiological system). The model
assumes an easily calculable relationship between shear stress and shear rate that, in real-
ity, does not necessarily resemble the nature of the interactions of blood cellular compo-
nents. More complex models, like the Carreau-Yasuda model, can better describe the non-
Newtonian behavior of blood over a broader range of shear rates and flow conditions. Never-
theless, the Casson model is still very commonly used to comprehend blood rheology in less

large vessels and under low shear stress where its predictive performance is very high.
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1.2.4 Boundary Conditions

The solution of the Navier-Stokes equations and the continuity equation is essential for mod-
eling fluid flow within different physical systems, including blood flow in vessels. However,
these equations cannot be solved without specifying appropriate boundary conditions, which
are critical to ensuring the model reflects the physical reality of the problem. Boundary con-
ditions help define the interaction between the fluid and its surroundings, influencing the
velocity, pressure, and other flow properties within the computational domain.

Boundary conditions are a vital component when solving the Navier-Stokes and continuity
equations, as they provide the necessary constraints for determining a unique solution (Gaz-
zola and Sperone, 2020). In practical applications, such as fluid flow in artery, channels, or
biological systems like blood vessels, these conditions define how the fluid interacts with the
boundaries of the domain, including walls, inlets, and outlets. The choice of boundary condi-
tions depends on the physical characteristics of the flow and the computational model being

used. The most common boundary conditions used in fluid flow problems:

* No-slip condition: One of the most widely applied boundary conditions is the no-
slip condition, which assumes that at a solid boundary (such as the wall of a artery or
vessel), the fluid’s velocity is equal to that of the boundary itself (Rougier et al., 2021).
For a stationary wall, this means that the velocity of the fluid at the wall is zero. This
condition reflects the physical reality that viscous fluids adhere to solid surfaces due to

molecular interactions and is described by (1.6):

u =0 on the vessel wall (1.6)

The no-slip condition is crucial when modeling viscous flows, as it ensures that the
fluid’s velocity diminishes to zero at solid boundaries, allowing for the accurate predic-
tion of flow behavior near walls, such as the development of boundary layers and shear

stresses (Wedel et al., 2022).
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* Inlet and outlet conditions: Inlet and outlet boundary conditions specify the behavior
of the fluid as it enters and leaves the computational domain (Holmes and Pivonka,
2021). These conditions are necessary to drive the flow through the system and ensure
that the simulation accurately represents the physical system. At the inlet, one common
approach is to prescribe a velocity profile, which could be uniform, parabolic, or based
on experimental data. Alternatively, a flow rate might be specified, which can then be
converted into a velocity profile using the continuity equation. In cases where exper-
imental or empirical data is available, the velocity profile might be adjusted to better
match the actual conditions observed in practice. A prescribed velocity profile at the

inlet could take the following form described by Equation (1.7)

u<$07y7z> - f(y7z> (17)

where f(y, z) represents the functional form of the velocity distribution in the cross-
section of the vessel. At the outlet, the boundary condition typically involves specifying
either a pressure value or a stress-free condition. The pressure-based outlet condition
assumes that the fluid exits the domain at a known pressure, often set to atmospheric
pressure for open systems. The stress-free outlet condition, on the other hand, assumes
that the normal and tangential stresses vanish at the boundary, which is appropriate for

scenarios where the flow is relatively unimpeded at the exit.

For an outlet with a specified pressure condition, the boundary condition might be
written as:

P = pour at the outlet (1.8)

where po, is the known outlet pressure. Alternatively, for a stress-free outlet, the con-

dition might take the form:

n-o =0 atthe outlet (1.9)
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where n is the unit normal vector to the outlet surface, and o is the stress tensor.

Boundary conditions play a critical role in ensuring the stability and accuracy of numerical
simulations of fluid flow. When improperly chosen, they can lead to non-physical results,
such as unrealistic velocity distributions or spurious pressure gradients (Mimeau and Mor-
tazavi, 2021). Therefore, selecting appropriate boundary conditions that accurately reflect
the physical properties and constraints of the system is essential for obtaining reliable and
meaningful results from the simulation. In many practical applications, particularly in the
field of biomedical engineering, boundary conditions may need to be derived from exper-
imental data. For example, when modeling blood flow through arteries, the inlet velocity
profile might be obtained from Doppler ultrasound measurements, while the outlet pressure
condition might be based on clinical data on arterial blood pressure. In such cases, the bound-
ary conditions not only define the interaction between the fluid and its surroundings but also
serve as an important link between the computational model and real-world observations.

In addition to the standard boundary conditions described above, more specialized conditions
may be required for complex or multi-phase flows. For instance, in cases where fluid inter-
acts with a porous medium or a moving boundary (such as a deformable blood vessel wall),
additional conditions might be needed to account for the exchange of momentum and mass
across the boundary. Another aspect to consider is the choice of boundary conditions for
turbulent flow. While the no-slip condition still applies at solid walls, turbulence models may
require additional boundary conditions to define the behavior of turbulent quantities, such as
turbulence intensity or eddy viscosity, at the boundaries. These conditions are crucial for ac-
curately capturing the effects of turbulence on the flow, especially in high Reynolds number

flows where turbulence plays a dominant role in the overall flow behavior.
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1.2.5 Simplified Models of Blood Flow
1.2.5.1 Poiseuille Flow

The blood flow within long, straight vessels under steady-state conditions can be simplified

using a model known as Poiseuille’s law (Saktioto et al., 2023). This law provides an analyt-

ical solution for the volumetric flow rate in a cylindrical vessel, assuming certain idealized

conditions such as fully developed, laminar flow. This equation plays an important role in

understanding the behavior of blood flow, especially in smaller vessels like capillaries and

arterioles, where assumptions of laminar flow are often valid. The equation is expressed as:
B TRIAP

Q= SiL (1.10)

where () represents the volumetric flow rate (the volume of fluid flowing through the vessel
per unit of time), R is the radius of the vessel, AP is the pressure drop across the length L of
the vessel, i is the dynamic viscosity of the fluid (blood in this case), L is the length of the
vessel. Equation (1.10) is derived from the Navier-Stokes equations under the assumptions of
steady-state, incompressible, and Newtonian fluid behavior in a cylindrical artery or vessel.
It provides a simplified model that is particularly useful for analyzing blood flow in small
vessels where the assumptions of Poiseuille’s law reasonably hold. Poiseuille’s law is derived
by solving the Navier-Stokes equation for an incompressible, Newtonian fluid in a cylindrical

artery under the following conditions (Yadav et al., 2020):

* Steady-state flow: The flow does not change over time.

* Laminar flow: The flow is smooth and orderly, with fluid layers sliding past one an-
other without mixing. Laminar flow occurs when the Reynolds number, a dimension-
less quantity that compares inertial forces to viscous forces, is low. In blood vessels,

this typically corresponds to smaller diameters and lower flow velocities.

* Fully developed flow: The velocity profile of the fluid remains consistent along the
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length of the vessel. This assumption means that the parabolic velocity profile has
reached equilibrium, with a maximum velocity at the center of the vessel and zero

velocity at the vessel walls (no-slip condition).

* Newtonian fluid: Poiseuille’s law assumes the fluid has a constant viscosity. While
blood is technically a non-Newtonian fluid because its viscosity varies with shear rate,
the approximation of constant viscosity is reasonable in many cases for small vessels

and moderate flow rates.

* Rigid cylindrical vessel: The vessel walls are assumed to be rigid and cylindrical in
shape. In reality, biological vessels, such as arteries and veins, are elastic, and their
diameter can change due to pressure. However, for small vessels or under conditions

where deformations are small, this assumption can still provide useful insights.

Under these assumptions, the velocity profile u(r) in a artery is parabolic, and the volumetric
flow rate (Q is proportional to the pressure gradient A P/ L, the radius of the vessel raised to
the fourth power, and inversely proportional to the dynamic viscosity p and the length of the

vessel L.

AP

2 2

u(r)

where r is the radial distance from the center of the vessel, and u(r) represents the fluid
velocity at that point. The velocity is maximum at the center of the vessel (R = 0) and zero
at the vessel wall (r = R) due to the no-slip condition. Integrating this velocity profile over
the cross-sectional area of the vessel gives Poiseuille’s law for the volumetric flow rate.

Poiseuille flow parameters are significance. For instance, Vessel Radius R, which is one of
the most important features of Poiseuille’s law is its dependence on the radius of the vessel
raised to the fourth power (Nichols, 2022). This means that even small changes in the vessel
radius have a dramatic impact on the flow rate. For example, if the radius of a blood vessel

doubles, the flow rate increases by a factor of 16. This sensitivity to radius is critical in under-
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standing how physiological processes, such as vasoconstriction (narrowing of blood vessels)
or vasodilation (widening of blood vessels), regulate blood flow. In the human circulatory
system, arteries and arterioles can change their diameter through the contraction or relax-
ation of smooth muscle in their walls, allowing the body to control blood flow to different
organs or tissues (Kim, 2022). Poiseuille’s law helps explain how even small adjustments to
vessel diameter can have significant effects on blood circulation.

The pressure drop AP across the vessel drives the flow of blood (Campinho et al., 2020). It
is the difference in pressure between the inlet and the outlet of the vessel. Blood pressure is
generated primarily by the heart’s pumping action, with the highest pressure found near the
heart and progressively lower pressures as blood moves through the systemic circulation. In
Poiseuille’s law, the greater the pressure drop, the higher the volumetric flow rate. However,
the pressure drop is also influenced by the resistance to flow within the vessel, which depends
on factors like vessel length, viscosity, and, most importantly, vessel radius. In the systemic
circulation, arterioles act as the primary resistance vessels, creating significant pressure drops
and controlling the flow of blood to various tissues.

The dynamic viscosity p represents the fluid’s resistance to deformation (Li et al., 2021). In
blood flow, viscosity depends on factors like hematocrit (the proportion of red blood cells
in the blood) and shear rate (Trejo-Soto and Hernandez-Machado, 2022). While blood is a
non-Newtonian fluid, Poiseuille’s law assumes constant viscosity, providing a useful approxi-
mation for certain flow conditions, especially in small vessels where shear rates are relatively
low. Higher blood viscosity leads to greater resistance to flow and, consequently, a lower
flow rate for a given pressure drop. In conditions where blood viscosity increases, such as in
polycythemia (an abnormally high red blood cell count), Poiseuille’s law helps explain why
higher pressures are needed to maintain adequate blood flow.

The vessel length L is inversely proportional to the flow rate. Longer vessels result in
greater frictional resistance to flow, reducing the volumetric flow rate for a given pressure

drop (Gamal et al., 2021). This is one reason why the circulatory system uses many short,
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branching vessels rather than a few long ones, shorter vessels minimize resistance and make
the distribution of blood more efficient.

While Poiseuille’s law provides valuable insights into blood flow in small vessels, it has
several limitations. It applies strictly to laminar, steady-state flow in rigid, cylindrical vessels
(Chen et al., 2023). In larger vessels, where flow can become turbulent, or in situations where
the vessel walls are elastic and undergo significant deformation, more complex models are
required. Additionally, the assumption of constant viscosity is not always accurate for blood,

particularly in capillaries where blood exhibits non-Newtonian behavior.

1.2.5.2 Womersley Flow

In large arteries where pulsatile flow occurs due to the heart’s rhythmic pumping, Womers-

ley’s theory is applicable. The Womersley number, a dimensionless parameter, characterizes

wp 1/2
a=R <—) (1.12)
W

this flow:

where w is the angular frequency of the heart rate. For large Womersley numbers, the flow
exhibits significant pulsatility and non-parabolic velocity profiles.

1.2.6 Numerical Methods for Solving Blood Flow Equations

Given the complexity of solving the Navier-Stokes equations analytically, numerical methods
such as the Finite Element Method (FEM) and Finite Volume Method (FVM) are widely used.
1.2.6.1 Finite Element Method (FEM)

FEM discretizes the computational domain into small elements and applies the weak form of

the governing equations. For the Navier-Stokes equations, the weak form is given by:

/,0 8—u+u~Vu -VdQ+/uVu:VVdQ:/pV-VdQ (1.13)
o \0t Q 0
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where v is a test function and 2 is the computational domain.

1.2.6.2 Finite Volume Method (FVM)

FVM integrates the governing equations over control volumes and ensures conservation laws
are satisfied within each volume. This method is particularly useful in complex geometries

and for fluid dynamics problems, including blood flow.

1.2.7 Carotid Blood Flow

Modeling carotid blood flow using the Poiseuille equation involves concepts related to fluid
dynamics and the circulatory system. The Poiseuille equation is used to describe the relation-
ship between blood flow, pressure, and the characteristics of the blood vessels, particularly in
this case, the carotid artery (See Figure 1.1). Carotid blood flow is the volume of blood that
flows through the carotid artery per unit time. It can be measured non-invasively using a flow
meter that allows simultaneous measurement of artery diameters by a mode ultrasound and
velocity measurements by an angle-insensitive method (Skytioti et al., 2019). It can also be

calculated as:

t;

D2
Cp =1 x TC X /vdtpr (1.14)

to

t

where C' is Carotid blood flow, D, is carotid diameter, f v is velocity time integral and p, is
to
heart rate.

1.2.8 Poiseuille Equation

The Poiseuille equation is a fundamental equation in fluid dynamics used to calculate blood
flow through a cylindrical vessel like an artery (Nichols, 2022). It is derived from the princi-
ples of fluid dynamics and describes how blood flow (@) is related to the pressure difference

(AP), the radius (D./2) of the vessel, the length (L) of the vessel, and the viscosity (u) of
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Figure 1.1: Carotid Arteries
Source: (Heck and Jost, 2021)

the blood. The equation is as follows:

7w APr*

Pressure Difference (AP) represents the pressure gradient between two points along the
carotid artery. This pressure gradient is the driving force behind blood flow. The difference
in pressure is what causes blood to move from areas of higher pressure to lower pressure.
Vessel Radius 7 is the radius of the carotid artery which plays a crucial role in determining
blood flow. The Poiseuille equation demonstrates that the flow is directly proportional to the
fourth power of the vessel radius. This means that even small changes in the radius of the
artery can significantly affect blood flow. Viscosity (u) refers to the thickness or resistance
of a fluid to flow. Factors like hematocrit and temperature influence blood viscosity, and are
inversely proportional to blood flow. Higher viscosity results in decreased blood flow. Length
(L) is the length of the carotid artery. Longer arteries offer more resistance to blood flow,

which can affect the overall flow rate.
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1.2.9 Womersley function

The Womersley function is named after British engineer and mathematician John Womersley,
who significantly contributed to the study of pulsatile flow in biological systems (Womersley,
1955). Womersley function is often denoted as W (r,t), describes the temporal variation of
velocity profiles in a pulsatile flow regime, such as the flow of blood through arteries like the
carotid artery. It considers the effects of both convection (advection) and diffusion (viscosity)
in the flow. The Womersley function captures pulsatile nature of blood flow associated with
rhythmic contraction of the heart. It also describes how the velocity of blood changes over
time and along the cross section of the artery. When used with Poiseuille equation in the case
of blood flow, the modified equation becomes time-dependent and provides a more accurate
representation of blood flow in arteries under dynamic conditions. It is influenced by bound-
ary conditions at the inlet and outlet of the artery, including pressure waveforms and flow rate

profiles and offers a more realistic representation of blood flow in biological systems.

1.2.10 The governing equations

Unlike existing studies, the research considers the blood flow in the Carotid artery during
accidents. During accidents, the Carotid artery experiences vascular stress with varied pulse
flow and shifted geometry, which complicates the blood flow. The internal diameter of the
carotid arteries varies with sex, and age. The decrease in carotid artery diameter resulting in
decreased carotid artery blood flow occurs within three minutes of injury, which is consistent
with the timing of injury (Clevenger et al., 2015). Carotid arterial diameter enlargement is
a manifestation of arterial remodelling (See Figure 1.2) and may be a risk factor for cardio-
vascular disease, which often leads to 40% deaths (Sedaghat et al., 2018). Carotid artery
aneurysms (A cardiovascular disease characterized by a saclike widening of an artery result-
ing from weakening of the artery wall) may develop after a serious car accident, which can
cause internal bleeding and prevent blood from flowing to the brain, leading to brain damage

(Babich, 2021). The research considers two aspects of the carotid artery during accidents: the
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existence of reduced diameter and the swollen section. The proposed governing equation is
composed of three aspects bridging the gap existing in the literature. From Equation (1.15),
that is, the drag force function due to shear stress due to accidents in the carotid artery is

introduced.

Q= () (p_Ap_f(gr) (%VQ)) (1.16)

where () is the flow rate, 7 is the radius of the artery, P is the pressure difference between the
two ends of the artery, AP is the pressure drop due to the reduced arterial diameter, f is the
drag coefficient, L is the length of the artery, p is the density of blood, V is the velocity of

blood,  is the viscosity of blood and is summarized in Table 1.1. The drag coefficient f is

given by
64
I fre (1.17)
R = 2Vr
€ W
Table 1.1: Parameter description
Parameter | Description
Q flow rate
r radius of the artery
P pressure difference between the two ends of the artery
AP pressure drop due to the reduced arterial diameter
f drag coefficient
L length of the artery
p density of blood
V velocity of blood
o viscosity of blood.
Thus, Equation (1.17) can be written as
s 64 L V2
Q= &) (P-ar—(£2) (L) (%)) s

= SZ:L (r") (P - AP - SHr#)

Introducing the Womersley function to include the temporal variation of velocity profiles in



21

a pulsatile flow due to accidents and changes in artery diameter. Equation (1.17) becomes

SuLV
2

r

_ T (a _ _
@_M(r)(p AP

)+me (1.19)
where W (r, t) is the Womersley function
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Figure 1.2: Carotid artery remodeling and failures propagating the study.
Source: (Sedaghat et al., 2018)

1.2.11 Geometric Interruption

To model the geometric interruption of blood flow in the carotid artery using a novel Poiseuille-

based mathematical approach, an obstruction or irregularity in the vessel geometry is intro-
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duced. Assuming a scenario where there is a localized constriction or stenosis in the carotid
artery. The mathematical model can be adapted to account for this geometric interruption by
inclusion of the term (1 — f—;), hence the modified Poiseuille equation based on this can be

written as

4 2
mriAP R
= 1—— 1.2
=" (1) (120

when R is close to r3, the term approaches zero, which represents the constriction in the

vessel as denoted in Figure 1.4 for the swollen section.

1.2.12 Shear Stress on the velocity profile

The shear stress (7) based on the velocity profile (u) can be derived from the modified
Poiseuille equation. The shear stress (7) near the swollen part is proposed to be influenced

by the change in the cross-sectional area.

du
T == [,L—T
a 2 ] (1.21)
ur) =5 (=i 5 (1- %))
Proof:
Given u(r):
(r) =42 (p2_,2_ B (1_R
u(r) =gp(ri—r; 5 2 (1.22)
b =82 (o, gy, o)
Equating udd—“ = 7 and solving for u yields
g
du AP R\
aa g — — ) = 1.23
Har 2uL (Tl " 37’%) ’ (123)

The implication of the geometric interpretation and shear stress on the velocity profile is that

the shear stress reduces the velocity while constriction due to geometric interruption may
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change the flow pattern of the blood.

1.2.13 Proposed model

To use the Poiseuille equations to model blood flow in the carotid arteries, the basic Poiseuille
equation, which describes laminar flow in a cylindrical tube, is applied. The key parameters
include blood flow rate, arterial diameter, viscosity, and pressure gradient. The proposed
formula for the study is from Equation (1.18). However, the proposed equation must take

into account the geometric interruption and shear stress on the velocity profile.

SuLV

r2

Q- () (P-ar- 220w (1.24

where () is the volumetric flow rate; AP is the pressure gradient along the artery; r is the
radius of the carotid artery; y is the dynamic viscosity of blood; L is is the length of the artery
and V is velocity, which is V' = u(r). Taking into account geometric interruption based on

the proposed model diagram for the section in carotid artery is indicated in Figure 1.3 yields

mrd R? SuLV
= (1-= — AP — 1.2
- (B (s YY) s, az
and
AP, , [R R?
U(T) = M (Tl — Ty — [? (]_ — 7"_% (126)

Therefore, the model equation for the research is given by

Q=157 (1 - R—§> (P — AP - %) + W) (1.27)

for u(r) = i—lz <T% —ri— [%2 (1 - f—g)])

Viscosity of Blood (1) is the blood viscosity can vary with hematocrit levels and temperature.
Pressure Gradient (AP) the pressure difference between the start and end of the carotid

artery segment under consideration. The blood pressure is pulsatile; therefore, the pressure
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Figure 1.3: The model diagram for the research.
Source: Researcher, 2023.

gradient can vary during the cardiac cycle. Thus, in this proposed research, the pulsatility
of the pressure gradient will also be considered in the modelling. Length of the Artery (L)
measures the length of the carotid artery segment. This will vary depending on the specific
section of the carotid artery. The term R?/3(1—R?/(r3)) in the velocity profile u(r) represents
a modification to the Poiseuille flow to account for a constriction or swollen section in the
artery. This term introduces a radial dependence on the velocity, influencing the flow near
the swollen section (Fig. 1.3). The specific conditions leading to this term are associated
with the geometry of the artery and the presence of a swollen section. The swollen section
modifies the flow profile, and this modification is incorporated into the velocity equation. The
parameter R represents the size or dimension of the swollen section. The term R?/(r3) is a
dimensionless ratio that varies with radial position r3 within the artery. As R approaches rs,
the ratio R?/(r3) approaches 1. This means that near the swollen section (r3 ~ R), the term

1 — R?/(r3) approaches 0. The scenario is presented in Figure 1.4.
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The term R?/3(1 — R?/(r3)) is designed to introduce a decrease in velocity near the swollen
section. The factor R?/3 determines the magnitude of this influence. The term R*/3(1 —
R?/(r?)) also ensures a smooth transition in velocity as R shifts from the centre towards x or

y until (R ~ r3).
1.2.14 Basic assumptions

The following assumptions guide the research:

(1) The model will assume that blood is an incompressible fluid, meaning its density re-
mains constant. While blood is not strictly incompressible, this assumption is often

made to simplify the equations.

(i1) The model may assume axisymmetry, which simplifies the problem to a two-dimensional
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representation.

(iii) The model will assume that blood flow at the artery’s inlet is laminar and without

turbulence.

1.3 Statement of the Problem

The Poiseuille equations have long been applied in modeling blood flow due to their effec-
tiveness in describing laminar flow through cylindrical tubes (Nichols, 2022). In this study,
their applicability was investigated within the context of large and medium-sized arteries,
particularly the carotid artery, where laminar flow conditions typically prevail under physi-
ological states. The fundamental assumptions underlying the Poiseuille equations—namely
incompressible, Newtonian, and steady, state flow—are generally valid for vessels exhibiting
low Reynolds numbers, making them suitable for modeling hemodynamic behavior in many
arterial systems. Arteries such as the carotid possess approximately cylindrical geometries,
and blood, being nearly incompressible, behaves as a Newtonian fluid within certain shear
rate ranges. These properties justify the use of Poiseuille-based models to represent steady
laminar flow. However, the simplifications inherent in the Poiseuille formulation neglect
several essential characteristics of physiological blood flow, particularly under disturbed or
pathological conditions.

This research addressed these limitations by evaluating the performance of the Poiseuille-
based model under non-ideal flow conditions, specifically those involving turbulence, pul-
satility, and complex arterial geometries. Although the Poiseuille equation provides accurate
results under laminar flow, the study revealed its reduced reliability when applied to pulsatile
and disturbed flows commonly observed in stenosed or bifurcated carotid arteries. Such flow
disturbances cause irregular velocity distributions, elevated wall shear stress, and deviations
from the linear relationships assumed by the classical model.

The study identified and resolved three major gaps in the literature. First, there has been

limited understanding of the effects of vascular shear stress under turbulent or stenotic condi-
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tions. The Poiseuille equation assumes smooth, laminar flow, whereas in practice, disturbed
flow in the carotid artery often exhibits turbulence and flow reversal (Montorfano et al., 2020).
Second, the equation assumes steady-state conditions, neglecting the pulsatile nature of blood
flow driven by cardiac cycles. This pulsatility significantly affects flow velocity and wall
shear stress, influencing overall hemodynamic stability (Montorfano et al., 2020). Third, the
geometry of the carotid artery, including bifurcations and localized narrowing, substantially
impacts blood flow behavior. Traditional Poiseuille models, which simplify geometry as uni-
form and cylindrical, fail to capture these effects accurately (Lopes et al., 2020).

To overcome these challenges, the study introduced an extended form of the Poiseuille equa-
tion, as shown in Equation (1.18), incorporating additional terms to account for flow resis-
tance, pulsatility, and pressure losses beyond classical laminar assumptions. The modified
formulation integrated parameters such as velocity V', fluid density p, and frictional losses
due to vascular geometry and dynamic wall interactions. This enhanced model provided a
more realistic representation of blood flow in arteries exhibiting non-laminar behavior. Com-
putational Fluid Dynamics (CFD) simulations conducted in MATLAB, using a Finite Volume
Method (FVM) approach, demonstrated that arterial narrowing significantly increased vas-
cular stress and reduced flow rate, especially under pulsatile flow conditions. These results
validated the refined model and underscored the limitations of traditional Poiseuille formu-
lations in capturing complex hemodynamic phenomena. The findings of this study highlight
the necessity of adopting more advanced modeling frameworks that incorporate turbulence,
pulsatility, and geometric variability to improve the predictive accuracy of blood flow analysis

and support clinical decision-making in cardiovascular disease assessment.

1.4 Objectives

1.4.1 General objective

The study models the impact of geometric interruption, vascular stress, and pulsatility on

blood flow calculation in the carotid artery during accidents.
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1.4.2 Specific objectives

(1) To develop a modified Poiseuille-based mathematical model for blood flow in the pul-

satile carotid artery.

(i) To investigate the impact of geometric interruption of blood flow on carotid artery for

a novel Poiseuille-based mathematical model.

(iii) To evaluate the influence of vascular stress and pulsatility on blood flow on carotid

artery for a novel Poiseuille-based mathematical model.

1.5 Significance of the study

Understanding the behavior of blood flow during accidents is crucial for the medical field. It
can provide insights into how traumatic events, such as car accidents or injuries, affect blood
flow in the carotid artery. This knowledge is vital for diagnosing and treating injuries, as
well as improving patient outcomes. Modeling blood flow during accidents can help assess
the severity and type of injuries to the carotid artery. This information is critical for medi-
cal professionals to make informed decisions about treatment and intervention. Developing
patient-specific models allows for personalized medical treatment. By using individual data,
including the geometry of the carotid artery and patient-specific parameters, medical pro-
fessionals can better predict the consequences of accidents and tailor treatment accordingly.
Such studies contribute to the field of biomechanics, which explores the mechanical aspects
of biological systems. Understanding the biomechanics of blood flow during accidents can
lead to improved safety measures and vehicle design, reducing the risk of injuries. Insights
gained from these studies can inform safety standards, such as vehicle safety design and road
engineering.

The knowledge of how accidents impact blood flow can lead to the development of safety
mechanisms that reduce the risk of carotid artery injuries. Modeling blood flow during ac-

cidents can aid in the development of intervention strategies for trauma patients. This can
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include devising emergency medical procedures and equipment designed to mitigate the ef-
fects of carotid artery injuries. Computational modeling of blood flow is a growing field that
integrates medical knowledge with engineering and computational techniques. It represents
an interdisciplinary approach to improving medical care and patient outcomes. These mod-
els can be used for educational purposes, training medical professionals and first responders
better to understand the physiological consequences of accidents and injuries. Understand-
ing the dynamics of blood flow in the carotid artery following an accident is important for
predicting and evaluating post-injury outcomes, including the potential for long-term com-
plications. Research in this area often involves collaboration between medical professionals,
engineers, and mathematicians. Such interdisciplinary work can lead to innovative solutions

and a more comprehensive understanding of trauma and its effects on the human body.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction

The chapter presents theoretical review for the research. Later sections of the chapter present

the empirical review of the existing works for the research gap.

2.2 Theoretical Review

The mathematical theoretical formulation of modeling blood flow can be approached through
various methods. One common approach is to use the Navier-Stokes equations and the con-
tinuity equation to describe the flow of blood as a Newtonian fluid through the circulatory
system (Khalid et al., 2021). Another approach is to consider blood as a non-Newtonian fluid
with its viscosity as a function of the hematocrit, plasma viscosity, and shape factor of the
red blood cells, and model the flow using the Power-law fluid model (Rao and Mishra, 2004)
or the Prandtl fluid model (Karthik et al., 2022).

Theoretical models for regulation of blood flow take into account the combined effects of
multiple interacting mechanisms, including sensitivity to pressure, flow rate, metabolite (Any
substance involved in metabolism (either as a product of metabolism or as necessary for
metabolism)) levels, and neural signals (Claassen et al., 2021). These models provide quanti-
tative descriptions of the mechanisms involved in blood flow regulation and show how these
mechanisms interact in networks of interconnected vessels. This is because blood flow mod-
eling plays a significant role in understanding hemodynamics, influencing areas such as med-

ical diagnostics, treatment, and biomedical engineering. Theoretical modeling of blood flow
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can be approached through different methods, primarily rooted in fluid dynamics.

2.3 Empirical Review

Hameed et al. (2023) compared blood flow patterns in diseased and treated carotid artery
bifurcations for improved cardiovascular disease diagnosis and treatment. They employed
computational fluid dynamics (CFD) analysis of simulated blood flow in models with and
without stenosis and stenting. Control volume discretization and measured blood flow rates
were also used. The transition from turbulent to laminar flow was observed post-stenosis,
with distinct comparisons at four downstream locations. The results indicated that stenosed
carotid arteries exhibited high wall shear stress, irregular flow, and low pressure, oscillat-
ing velocity and pressure profiles. Stented models showed minimal pressure, velocity, and
wall shear stress fluctuations, maintaining laminar flow. The research findings support the re-
search since it recommends that until carotid artery abnormalities are resolved, establishing
a foundation for optimized stent design to restore normal blood flow is crucial, and further
research is crucial.

Fojas and De Leon (2013) developed a 2D computational representation of the carotid artery,
and its bifurcation using computational software. The model employed the Arbitrary La-
grangian Eulerian technique for numerical simulations. The carotid artery’s structure was
derived from CT scans through computer-aided design, and blood behavior was simulated
as an incompressible Newtonian fluid. The study applied a Eulerian reference for the blood
domain, combined with the Lagrangian approach for the structural domain, enabling the
numerical modeling of hemodynamics using 2D axially symmetric incompressible Navier-
Stokes equations. Simulation results were compared with blood velocity data obtained from
Doppler ultrasound measurements.

Singh and Singh (2022) research analyzed the intricate blood flow within a 2D model of the
human carotid artery. Analysis System (ANSYS) 19.1 software simulates steady blood flow

in a 2D carotid artery bifurcation model, employing the finite volume method on a staggered
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grid with the control volume approach. The study focuses on key hemodynamic parameters
such as blood velocity, assuming blood behaves as a Newtonian and incompressible fluid.
The governing equation for the model is the incompressible 2D Navier-Stokes equation. The
flow analysis reveals two distinct patterns: laminar flow before the artery bifurcation due to
the regular design and turbulent or reverse flow post-bifurcation, caused by an irregular flow
pattern resulting from a change in shape.

Fusi and Farina (2020) investigated the linear stability of unidirectional Poiseuille flow of
blood, treating the fluid as spatially inhomogeneous, where viscosity varied with red blood
cell (RBC) concentration. The focus was on small blood vessels, such as terminal branches
of arteries, arterioles, or venules, where RBCs are unevenly distributed across the vessel
cross-section. A classical normal-mode linear analysis was used for the stability assessment,
resulting in a fourth-order eigenvalue problem, which was solved numerically. The findings
revealed that the flow was unconditionally unstable. However, in cases where RBC concen-
tration decreased toward the vessel walls, the instability grew at such a slow rate that it would
take a significantly long time for the instability to become observable. In contrast, when
RBCs were more concentrated near the vessel walls, the growth rates of the instability were
at least three orders of magnitude higher. Thus, the study suggested that RBC distributions
concentrated near the center of the vessel could be considered more stable compared to those
where RBCs accumulated towards the walls.

Dhange et al. (2022b) explored the effects of arterial stenosis, a common cardiovascular con-
dition that restricts blood flow, on blood flow dynamics in an inclined artery with stenosis
followed by an expansion (widening). The primary aim was to analyze blood flow through
this system under the influence of a constant, incompressible Casson fluid—a non-Newtonian
model—subjected to a magnetic field. Analytical expressions for surface shearing stress,
pressure drop, flow resistance, and velocity were derived using a mild stenosis approxima-
tion. The study investigated how various physical parameters affected flow impedance, ve-

locity, and surface shearing stress. It was found that, due to the non-Newtonian properties
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of the Casson fluid, surface shearing stress decreased while flow impedance increased. Fur-
thermore, as the severity of stenosis increased, both flow resistance and shearing stress rose,
while both factors diminished with the degree of expansion. These results provide insights
into the behavior of blood flow in stenotic vessels, particularly highlighting the influence of
vessel constriction and dilation on key hemodynamic parameters.

Sarifuddin (2022) investigated the effects of stenosis and mass transfer on arterial blood flow
using a mathematical model. Blood was modeled as a non-Newtonian fluid following the
Casson model, while the arterial wall was treated as axisymmetric, with the stenosis out-
line derived from a casting of a mildly stenosed artery. Mass transfer within the blood was
governed by the convection-diffusion equation. The governing equations of motion were
numerically solved using the Marker and Cell method, with results checked for numerical
stability and accuracy. The research examined the effects of two different stenosis models,
varying stenosis severity, and different yield stress parameter values. Special attention was
given to the influence of stenosis on wall shear stress and the Sherwood number, and the
outcomes were presented graphically. The results showed consistency with several existing
studies, confirming the model’s reliability in simulating the impact of stenosis on arterial flow
and mass transfer, thus validating its applicability.

Wang (2022) focused on the development of a new model to simulate haemorrhagic trans-
formation (HT), a common complication following ischaemic stroke due to damage to the
blood-brain barrier (BBB). HT can occur either as a result of stroke progression or as a com-
plication of reperfusion therapy, leading to bleeding in the brain and potentially worsening
the brain tissue damage, thus increasing the risk of disability or death. Given the global
rise in cerebrovascular diseases, including stroke, this work aimed to provide a more effec-
tive way of understanding and predicting HT. The proposed model was developed in three
stages. First, a mathematical model of HT was created to simulate the consequences of HT
over different vasculature length scales. In the second phase, this model was expanded into

a larger, multi-scale microvasculature model to study the effects of HT on surrounding tissue
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and vasculature. Finally, the model was applied to a whole-brain computational framework,
incorporating effects such as capillary compression and tissue displacement. For validation,
the model examined the volume of haematoma in 15 subjects and compared the findings
with clinical imaging data. Additionally, perfusion levels in the region affected by HT were
calculated and compared with experimental data. This model was the first of its kind to sim-
ulate the correlation between bleeding regions and haematoma formation, potentially aiding
clinicians in assessing HT in future clinical settings.

Csippa (2023) explored the field of blood rheology, focusing on the complexities of blood
flow behavior, which is crucial for understanding both physiological and pathological condi-
tions. Various rheological models were reviewed, ranging from Generalized Newtonian mod-
els to more advanced thixotropic and elastoviscoplastic models. Among these, the Horner-
Armstrong-Wagner-Beris (HAWB) model provided valuable insights into the interaction be-
tween reversible and irreversible phenomena in blood flow. Additionally, the recent develop-
ment of the modified HAWB (mHAWB) framework offered improved accuracy and versatil-
ity for modeling blood rheology, with promising applications in diagnostics and therapeutics.
Microscopic and mesoscopic simulations were also highlighted as they helped bridge the gap
between theoretical models and experimental findings, offering deeper insights into blood
behavior. Furthermore, multiscale models were discussed as a promising method to capture
the complexities of blood rheology across various length scales. The clinical significance of
blood rheology was examined in relation to conditions such as polycythemia, neonatal res-
piratory distress, and circulatory inadequacy. By gaining a comprehensive understanding of
blood rheology, this research contributed to advancing knowledge of blood flow dynamics
and its potential applications in healthcare.

Wang (2023) noted that the primary purpose of the heart and lungs is to maintain blood cir-
culation, delivering oxygen (Os) and other nutrients to cells while removing metabolic waste
products, such as carbon dioxide (C'Os). In open-heart surgery, cardiopulmonary bypass

(CPB) is often employed to isolate the heart and lungs, temporarily assuming their func-
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tion during aortic cross-clamping. This provides a quiet, bloodless environment conducive
to performing the surgical procedure. CPB technology typically involves an oxygenator,
venous/cardiotomy reservoir, pumps (roller or centrifugal), filters, tubing, and cardiotomy
suction devices. In contrast, extracorporeal life support (ECLS), a modified form of CPB, is
used in cases of severe heart and/or lung failure. This includes different forms of extracorpo-
real membrane oxygenation (ECMO), such as venoarterial (VA), venovenous (VV), and ven-
ovenoarterial (VVA) ECMO, as well as extracorporeal carbon dioxide removal (ECCOyR),
which can be implemented in venovenous (VV) or arteriovenous (AV) configurations. ECMO
systems take over part of the heart and lung function for extended periods, allowing these or-
gans to rest and recover. This support can serve as a bridge to recovery, long-term ventricular
assist devices (VAD), heart or lung transplantation, or as destination therapy for patients with
irreversible organ failure.

Tigges (2023) noted that bleeding-related complications often result in extended hospital
stays and can be fatal. In both Germany and the United States, excessive blood loss is a lead-
ing cause of death in civilian accidents, particularly among individuals under 45 years of age.
However, there is currently no routinely available patient monitoring system that can quickly
and reliably assess circulating blood volume and cardiovascular status. The study aimed to
advance non-invasive detection of hypovolemia by exploring new approaches, leveraging ad-
vancements in sensor technology, signal processing, and machine learning techniques. The
central focus was on the robust acquisition and integrated processing of multimodal biosig-
nals. To address this, a wireless sensor network was developed, featuring high-performance
sensor nodes with efficient analog front-ends. These were designed to function effectively in
challenging environments. Accurate synchronization within the network was critical for joint
signal analysis, and an algorithm was created to achieve this high synchronization accuracy,
facilitating biosignal data transmission for monitoring and real-time processing. Additionally,
a novel method of statistical signal fusion was introduced, enhancing the detection of cardiac

activity reference points across large sets of signals. This involved extending Hidden Markov
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modeling and developing a refined Viterbi algorithm for optimal identification of heartbeat
positions. A multimodal classification method for non-invasive detection of hypovolemia
was also developed, based on data collected from a lower-body negative pressure study.
Various physiological parameters, including pulse wave morphology, pulse timings, heart
rate variability, and respiration, were analyzed to observe compensatory mechanisms dur-
ing simulated progressive central hypovolemia. Machine learning techniques were applied
to these data, resulting in innovative multimodal approaches to patient monitoring. The re-
sults demonstrated that combining advanced sensor networks with machine learning methods
provided a comprehensive means to detect and monitor hypovolemic states non-invasively,
potentially addressing the current gap in rapid and reliable cardiovascular monitoring.

Ellis and Joshi (2025) noted that understanding the physiology of cerebral and spinal cord cir-
culation is critical in neuroanesthesia practice. Given the limited progress in neuroprotective
pharmacology, the modulation of cerebral and spinal cord blood flow, sometimes accompa-
nied by hypothermia, remains a primary intervention that may influence clinical outcomes.
Perioperative management of neurological conditions, such as brain aneurysms, arteriove-
nous malformations, moyamoya disease, traumatic brain and spinal cord injuries, cerebral
vasospasm, and stroke, necessitates a deep understanding of the vascular physiology of the
brain and spinal cord. Research on cerebral circulation has advanced knowledge of central
nervous system (CNS) function and its pathophysiology. This chapter aimed to review the
fundamental mechanisms that govern CNS circulatory dynamics and the tools used to investi-
gate them. The chapter began with an overview of the regulation of cerebral blood flow (CBF)
in healthy individuals and the disruption of this regulation in disease states. Various method-
ologies for measuring CBF were then examined. Following this, spinal cord blood flow was
discussed, before concluding with the practical aspects of manipulating cerebral blood flow
and monitoring it in clinical settings. The findings demonstrated that understanding and con-
trolling cerebral and spinal cord circulation play a pivotal role in improving clinical outcomes

in neuroanesthesia. The methodologies and interventions reviewed offered valuable insights
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into the management of CNS blood flow in both health and disease.

2.3.1 Summary of literature review

Hameed et al. (2023) compare blood flow patterns in stenosed and treated carotid artery bi-
furcations, providing insights relevant to the development of a Poiseuille-based mathematical
model for pulsatile blood flow. Their use of computational fluid dynamics (CFD) and control
volume analysis highlights how high wall shear stress, oscillating velocity profiles, and irreg-
ular flow characterize stenosed arteries, whereas stented models exhibit restored laminar flow
and reduced fluctuations. This study emphasizes the importance of designing interventions
that normalize blood flow dynamics, aligning with the objective to develop a new model for
pulsatile flow in the carotid artery, which could guide optimized stent designs.

Fojas and De Leon (2013) and Singh and Singh (2022) investigate hemodynamic parame-
ters in carotid artery models, highlighting how bifurcation geometries lead to disruptions in
blood flow. These studies used 2D computational simulations and demonstrated that bifur-
cations cause reverse or turbulent flow post-bifurcation. Their findings align with the second
objective of the research, which seeks to analyze the impact of geometric interruptions in
the carotid artery on the newly developed Poiseuille-based model. Such geometric features
profoundly influence flow patterns and could be critical to understanding pathological blood
flow behaviors.

Fusi and Farina (2020) and Dhange et al. (2022b) explored the effects of blood viscosity vari-
ations and non-Newtonian fluid properties on blood flow in stenosed vessels. These studies
provide valuable insights into the hemodynamic changes caused by arterial constrictions and
expansions, with implications for stress on vascular walls. They support the third objective
of investigating how vascular stress and blood pulsatility affect flow in the carotid artery, em-
phasizing the role of wall shear stress and flow resistance, critical factors in stenotic arteries
and informing the development of a more realistic Poiseuille-based model.

Sarifuddin (2022) and Csippa (2023) focused on blood rheology and the effects of stenosis
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on mass transfer and blood dynamics, using advanced mathematical models. Their findings
align with the necessity of developing accurate models that account for non-Newtonian blood
properties and yield stress in arterial walls. These studies highlight research gaps in simulat-
ing blood pulsatility and vascular stress in realistic conditions, supporting the third objective,
which aims to incorporate these factors into the novel Poiseuille-based model. Improved
understanding of these dynamics is crucial for accurate simulations of stenotic and healthy

arterial conditions.

2.3.2 Research Gap

The studies reviewed explore various aspects of blood flow modeling in the carotid artery,
highlighting the importance of fluid dynamics in cardiovascular health. Hameed et al. (2023)
examined the differences in blood flow between diseased and treated carotid arteries using
computational fluid dynamics (CFD), revealing that stenosed arteries exhibit high wall shear
stress and irregular flow patterns, while stented arteries restore laminar flow. Similarly, Fojas
and De Leon (2013) and Singh and Singh (2022) analyzed blood velocity and hemodynamics
in carotid artery bifurcations, noting distinct transitions between laminar and turbulent flows.
These studies contribute to understanding flow dynamics but leave a gap in developing a
mathematical model that integrates the effects of pulsatility and arterial geometry.

In addressing the impact of geometric interruptions on blood flow, Dhange et al. (2022b)
explored the effects of stenosis and vessel expansion on blood flow resistance and wall shear
stress using a non-Newtonian Casson fluid model. Their results emphasize the role of vessel
constriction in increasing flow impedance and surface stress. While useful, these findings
lack integration into a pulsatile flow model relevant to real-world carotid artery geometries.
Similarly, Sarifuddin (2022) used a non-Newtonian model to analyze stenosis effects but did
not consider the dynamic nature of blood flow under varying pulsatile conditions, leaving
room for further exploration.

Finally, studies by Fusi and Farina (2020) and Wang (2022) introduced microvascular models
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to understand blood flow behavior and the instability of blood viscosity due to red blood cell

concentration. However, these studies primarily focus on microvessels and do not directly

address the macroscopic impact of vascular stress or pulsatility on the carotid artery. This gap

highlights the need for a novel Poiseuille-based model that captures the complex interaction

between pulsatile blood flow, arterial stress, and carotid geometry in larger vessels. The

research gap is outlined systematically in Table 2.1.

Table 2.1: Summary of research studies with gaps related to a novel Poiseuille-based
mathematical model for blood flow in the pulsatile carotid artery.

Author

Research Findings

Literature Gap

Hameed et al.

Stenosis led to irregular flow and

Geometric effects of flow interrup-

(2023) high wall stress; stenting restored | tion remain unexplored
laminar flow
Fojas and | Navier-Stokes equations simulated | Impact of vascular stress on pul-
De Leon (2013) hemodynamics, with validation | satile blood flow remains unclear
from Doppler data

Singh and Singh
(2022)

Regular design led to laminar flow;
irregularities caused turbulent flow

post-bifurcation

Investigation of pulsatile flow and

vascular stress is needed

Fusi and Farina
(2020)

Dhange et al.

RBC concentration near vessel
walls increased flow instability

Stenosis increased flow resistance;

Lack of geometric influence on flow
in pulsatile arteries

Need for pulsatile blood flow mod-

ume and perfusion changes

(2022b) Casson fluid reduced wall shear | eling in carotid arteries
stress

Sarifuddin (2022) | Stenosis influenced shear stress and | No focus on geometric impact in
Sherwood number in blood flow pulsatile carotid arteries

Wang (2022) HT model predicted hematoma vol- | Geometric interruptions in pulsatile

flow unaddressed
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in failing organs

Author Research Findings Literature Gap

Csippa (2023) Improved blood rheology modeling | Need for a Poiseuille-based model
with HAWB framework incorporating blood pulsatility

Wang (2023) ECMO systems restored blood flow | Impact of pulsatility in carotid

artery on Poiseuille-based flow re-

mains unexamined

Tigges (2023)

Machine learning enhanced non-

invasive cardiovascular monitoring

Lack of geometric effects and vas-

cular stress modeling

Ellis and Joshi

(2025)

Blood flow control improved out-

comes in brain and spinal injuries

Further investigation into carotid

artery stress and pulsatile flow

needed

Despite extensive modeling efforts, gaps remain in accounting for pulsatile flow, turbulent
effects, and geometric interruptions in the carotid artery. This study addresses these by intro-

ducing a modified Poiseuille-based model.

2.3.3 Current Knowledge

Blood flow in the carotid artery is significantly influenced by arterial abnormalities such as
stenosis and post-treatment conditions. Hameed et al. (2023) compared blood flow patterns in
stenosed and stented carotid arteries to improve the diagnosis and treatment of cardiovascular
diseases. Their study employed Computational Fluid Dynamics (CFD) simulations to analyze
velocity, pressure, and wall shear stress in different models. The results indicated that in
stenosed arteries, turbulence dominated due to abrupt geometric interruptions, leading to
high wall shear stress and oscillating velocity profiles. This aligns with the limitations of the
Poiseuille equation, which assumes a smooth, laminar flow that does not accurately account
for turbulent effects in post-stenotic regions. Post-treatment stented models showed reduced

fluctuations, maintaining more stable flow conditions, emphasizing the necessity of advanced
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hemodynamic models beyond the basic Poiseuille framework.

Computational modeling plays a critical role in understanding hemodynamics in complex
arterial geometries. Fojas and De Leon (2013) developed a 2D computational representa-
tion of the carotid artery using numerical simulations based on the Navier-Stokes equations.
Their Arbitrary Lagrangian-Eulerian (ALE) approach incorporated arterial geometry derived
from CT scans, which provided insights into real-world blood flow patterns. The study con-
firmed that Poiseuille’s assumptions hold true primarily in straight arterial segments but fail
in regions of bifurcation or sudden constriction, where secondary flow effects and vortices
develop.

Similarly, Singh and Singh (2022) analyzed blood flow dynamics in a 2D carotid artery bi-
furcation model using finite volume methods. Their study highlighted the transition from
laminar to turbulent flow post-bifurcation, reinforcing that the Poiseuille equation alone is
insufficient in regions where arterial geometry changes abruptly. The findings indicated that
while the equation is useful for predicting steady-state flow, pulsatile dynamics and turbulent
effects require more advanced models incorporating Navier-Stokes equations.

Blood is a complex, non-Newtonian fluid whose rheological properties impact flow stability,
especially in geometrically interrupted vessels. Fusi and Farina (2020) investigated the linear
stability of unidirectional Poiseuille flow in small arteries by incorporating red blood cell
(RBC) concentration variations. Their findings demonstrated that viscosity variations due to
RBC aggregation significantly affect stability, with instability growth rates varying based on
cell distribution. In larger arteries such as the carotid, this suggests that abrupt geometric
changes could exacerbate instability, challenging the validity of Poiseuille-based models.
The effects of arterial stenosis on hemodynamics were further examined by Dhange et al.
(2022b), who modeled blood flow as a Casson fluid in a stenosed artery under a magnetic
field. Their analysis of surface shear stress, pressure drop, and velocity profiles highlighted
increased flow impedance in stenotic regions, conditions where the classical Poiseuille equa-

tion does not provide accurate predictions. These findings reinforce the necessity of extend-
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ing Poiseuille models to incorporate non-Newtonian blood behavior and stenosis-induced
perturbations.

Sarifuddin (2022) studied mass transfer and stenosis effects on arterial blood flow using a
mathematical model based on the Casson fluid. Their findings showed that stenosis severity
influenced shear stress and the Sherwood number, which governs mass transfer rates. The
presence of stenosis disrupted Poiseuille flow assumptions, as increased yield stress param-
eters altered shear stress distribution, leading to significant deviations from the predicted
laminar behavior.

Recent advancements in hemodynamic modeling focus on multi-scale representations that
integrate microvascular dynamics with larger arterial networks. Wang (2022) developed a
model for hemorrhagic transformation following ischemic stroke, highlighting how arterial
damage affects systemic and microcirculatory flow. Their work underscores the importance
of incorporating localized geometric interruptions into broader circulatory models to improve
predictive accuracy.

Similarly, Csippa (2023) reviewed rheological models of blood flow, including Newtonian
and non-Newtonian frameworks, emphasizing that thixotropic and elastoviscoplastic mod-
els better capture the complexities of blood behavior. These studies suggest that while
the Poiseuille equation remains a fundamental starting point, enhanced models incorporat-
ing multi-scale dynamics and variable viscosity are essential for accurately simulating post-
accident carotid artery flow.

The importance of accurately modeling arterial blood flow extends to clinical applications
such as extracorporeal circulation and cardiovascular monitoring. Wang (2023) reviewed
cardiopulmonary bypass and extracorporeal life support technologies, noting that controlled
blood flow mechanics are crucial in surgical and emergency medicine. Similarly, Tigges
(2023) explored non-invasive detection methods for hypovolemia using machine learning
and sensor networks, which rely on accurate hemodynamic models.

Neurovascular dynamics were further examined by Ellis and Joshi (2025), who discussed the
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physiological modulation of cerebral and spinal cord circulation. Their research emphasized
that interventions such as hypothermia and controlled blood flow adjustments rely on predic-

tive models, reinforcing the need for refined equations beyond Poiseuille’s assumptions.
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CHAPTER THREE

METHODOLOGY

3.1 Introduction

The chapter presents the details of the main variables of the study, namely geometric inter-

ruption, pulsatility and vascular shear stress.

3.2 Mathematical Formulation

3.2.1 Finite Volume Method

The Finite Volume Method (FVM) is a widely used numerical approach for solving partial
differential equations, especially in fields where the conservation of physical quantities such
as mass, momentum, and energy is critical (Van Hoecke et al., 2023). This makes it particu-
larly well-suited for fluid dynamics, heat transfer, combustion, and related applications where
integral conservation laws are more naturally applied than differential formulations.

Unlike the Finite Element Method (FEM), which employs test functions and weak formu-
lations, or the Finite Difference Method (FDM), which approximates derivatives at discrete
points, the FVM divides the computational domain into a finite number of small control
volumes (or cells). The governing equations are then integrated over each control volume,
and fluxes are computed across the faces of these volumes. This approach ensures that the
conserved quantities remain balanced across the domain, even in the presence of shocks,
discontinuities, or complex boundary conditions.

An important advantage of the FVM is its strong conservation property (Zhang and Wang,
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2024). Because the method is based on the integral form of the conservation equations, the
numerical fluxes computed at the interfaces of control volumes ensure exact local conserva-
tion. This feature is essential in cardiovascular modeling, where minor deviations in mass or
momentum conservation can propagate into significant errors over time and space, particu-
larly in pulsatile or disturbed flow conditions.

FVM handles complex geometries and irregular meshes effectively, making it an ideal choice
for modeling blood flow in arteries such as the carotid, which may exhibit bifurcations,
stenotic regions, or non-cylindrical cross-sections. It can also accommodate discontinuities
in the solution, which are common in flows with abrupt geometric transitions or variable wall
properties.

In the present study, the FVM was implemented using structured grids where the govern-
ing Navier—Stokes equations, were modified to include geometric drag and pulsatile effects
through a Womersley function, were discretized using the control volume approach. The con-
vective and diffusive fluxes were computed at the faces of each control volume using central
difference schemes, and temporal integration was carried out using an explicit time-stepping
method. Boundary conditions were applied based on physiological assumptions, including
no-slip conditions at the arterial wall and pulsatile inflow velocity profiles representative of
systolic and diastolic phases.

The Finite Volume Method provided a robust and accurate framework for simulating un-
steady, pulsatile blood flow in geometrically interrupted arterial segments. Its ability to con-
serve flow quantities while resolving complex flow phenomena made it the most appropriate

choice for this investigation.

3.2.2 Gauss-Legendre Quadrature

Gauss—Legendre quadrature is a numerical integration technique that employs optimally cho-
sen nodes and weights to accurately approximate the definite integral of a function. It is

particularly efficient for smooth integrands and outperforms simpler techniques, such as the



46

trapezoidal and Simpson’s rules, especially for higher-degree polynomials (Johansson and
Mezzarobba, 2018).
The standard Gauss-Legendre quadrature approximates the integral of a function f(z) over

the interval [—1, 1] as:

1 n
/ fla)de =Y wf(x), (3.1)
-1 i=1

where 7 is the number of quadrature points, z; are the nodes (i.e., the roots of the Legendre
polynomial P,(x)), and w; are the corresponding weights. The nodes are defined by the

equation:

where P, () is the Legendre polynomial of degree n, which can be expressed explicitly as:
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These polynomials are orthogonal with respect to the weight function w(x) = 1 over [—1, 1],
which ensures numerical stability and accuracy in integration. The weights w; are computed
using:

2
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where P/ (x) denotes the derivative of P, (x) with respect to .

For integrals over an arbitrary interval [a, b], the method requires a change of variables to map
the interval to [—1, 1]. This is accomplished using the linear transformation:

(b—a)t+ (b+a)

or equivalently, x = 5 . 3.5)

20 — (b+a)
t=—7—,
b—a

Applying this substitution, the integral becomes:
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This transformed integral can then be approximated using the Gauss—Legendre quadrature
rule over [—1,1]. The quadrature achieves exact integration for any polynomial of degree
2n — 1 or less using only n evaluation points, making it particularly advantageous in finite
volume and spectral element methods where computational efficiency and accuracy are criti-

cal.

3.2.3 The mesh generation

Mesh generation is a crucial step in numerical simulations as it involves dividing a compu-
tational domain into smaller, discrete elements or cells to approximate the domain (Bern and
Plassmann, 2000). This discrete representation is essential for solving PDEs using numeri-
cal methods such as the FEM, FVM, or FDM. The mesh provides the framework on which
numerical solutions are computed, making its quality and accuracy fundamental to the suc-
cess of a simulation. The process begins with accurately representing the geometry of the
domain, ensuring that all boundaries and critical features are captured (Chawner et al., 2016).
The mesh is composed of elements that can take various forms depending on the problem:
lines for 1D simulations, triangles or quadrilaterals for 2D problems, and tetrahedra or hex-
ahedra for 3D domains. The size and shape of these elements significantly influence the
solution’s accuracy and computational efficiency. Small elements provide higher resolution
but increase computational cost, while large elements reduce resolution and may miss critical
features of the solution.

Mesh quality is a vital consideration, as poorly designed meshes can lead to inaccuracies or
instability in the numerical solution (Secco et al., 2021). Important factors include the aspect
ratio of elements, which ideally should be close to one, and minimizing skewness or distor-
tion in the mesh. Refinement is often necessary in regions with high gradients or complex

phenomena, such as near boundaries or within shock waves. Adaptive meshing techniques
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allow the mesh to evolve during the simulation, concentrating computational resources where
they are most needed. The importance of mesh generation lies in its impact on the accuracy,
efficiency, and stability of numerical simulations. A high-quality mesh ensures an accurate
approximation of the domain, enabling better resolution of physical phenomena (Secco et al.,
2021). It also balances computational cost by allowing coarse meshes in uniform regions
and fine meshes in areas of interest. Numerical stability is another critical aspect, as poorly
generated meshes can lead to convergence issues or unreliable solutions.

Mesh generation also facilitates the resolution of complex geometries, ensuring that intricate
features are adequately represented in the simulation (Li et al., 2024). It can be tailored to
the specific requirements of the problem, such as incorporating boundary-layer refinement
for fluid dynamics problems. However, challenges remain, particularly for domains with
sharp edges, holes, or irregular shapes. Balancing cost and accuracy is another challenge, as
overly fine meshes increase computational expense, while overly coarse meshes compromise
accuracy.

Various tools and techniques are employed to overcome these challenges. Manual mesh
design is sometimes used for simple geometries, while automatic mesh generators, such as
ANSYS Meshing, Gmsh, or HyperMesh, streamline the process for more complex domains
(Liu, 2006). Adaptive mesh refinement (AMR) further enhances efficiency by dynamically
refining the mesh based on error estimates or solution gradients. Hybrid meshes, which
combine structured and unstructured elements, are also popular for leveraging the strengths
of both approaches.

The research generates a computational mesh for the carotid artery model. The mesh divides
the geometry into discrete elements, such as triangles or quadrilaterals, to facilitate the nu-
merical calculations. The mesh quality and resolution are chosen based on Figure 1.3. The
model equation for the research is designed considering the three regions indicated in Figure

1.4 and Figure 3.1 as follows:
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Figure 3.1: The mesh framework for discretizing the model diagram.

Source: Researcher, (2023).

The boundary conditions reflect physiological inlet pressure and no-slip arterial wall con-

straints, capturing the velocity profile realistically. Suppose h = 1, %, %, %, % is the spatial
discretization parameters. To apply the Gauss-Legendre quadrature in the discretized form
based on finite volume method in order to find weights and nodes to approximate the integral,

the formula for integrating function f(r) over [0, 1] is given by

1 n
/0 flr)dr ~ szf (r;) (3.7)
i=1
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where w; is the weights and r; are the nodes of the quadrature points. Assuming specific
interval [0, 1], then the transformation of r = gf + %, where d is the smallest diameter of a
carotid artery and ¢ is the unit of measurement of the diameter. Using the same analogy for

@ Equation (1.27) yields

n 4 2 n+1
e le . [g;LJ <1 . %) (p;;ﬂ _ AP Sﬂi;jj _> + W (m,t)]
(3.8)
where 7; ; is the is the Gauss-Legendre quadrature point in the radial direction at the control
volume (4, 7). The subscripts i and j represent the indices in the spatial discretization, and
the superscript n + 1 represents the time level. The weights w; and the nodes &; for Gauss-
Legendre quadrature can be determined based on the number of quadrature points chosen.

The governing equation for the research is given by

n+1 __ n+1 n+1 n+1 n+1
T Z [( (1+31.1) T Q(l+%,1) T Q(lJr%,l) T Q(1+§,1))

i=1
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Equation (3.9) represents an original modification of the classical Poiseuille equation by inte-

grating drag loss terms and the Womersley function to reflect pulsatile, turbulent blood flow,

particularly post-accident. Boundary conditions were selected to reflect no-slip conditions at

the arterial wall and physiological pressure inputs based on known carotid artery data.

3.2.4 Non-dimensionalization

The variable parameters will be non-dimensionalized as follows: 7 = %; Q = —go where
Qo = R p — P with AP being the reference pressure; W = 2 with ZE being the
0 = RuL> AP g p ; By Sul g
i

reference term. The governing equations are subject to the following boundary conditions
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The governing equation in its non-dimensionalized form is given by:

0= 30 (@) -0+ Oy O

=1
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The governing equations are subject to the following boundary conditions:

Q(z,y,t) >0, Q(z,y,0)=0, Q(0,y,t)=0, Q(z,0,t)=0. (3.12)
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CHAPTER FOUR

RESULTS AND DISCUSSION

4.1 Introduction

The study developed a novel Poiseuille-based mathematical model for blood flow in the pul-
satile carotid artery in Equation (3.11). The study investigated the impact of geometric inter-
ruption of blood flow on carotid artery for a novel Poiseuille-based mathematical equation.
The study investigated the impact of vascular stress and pulsatility on blood flow on carotid

artery for a novel Poiseuille-based mathematical equation.

4.2 Simulation

4.2.1 Parameter Estimation and Fitting

The novel Poiseuille-based mathematical model for blood flow in the pulsatile carotid artery
presented in Equation (3.11) was solved numerically via Matlab based on the parameter val-
ues presented in Table 4.1. The simulation was then run for different total simulation time
from ¢ = 5 — 100 in order to evaluate the study objectives. The simulation time interval
[5s,100s] was selected to capture initial transients and steady-state behavior of blood flow
post-geometry interruption. All time values are expressed in seconds (s), and velocity in

meters per second (m/s).
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Table 4.1: Parameter values

Parameter | Description Units Value used | Value Range Source

Rz Maximum radius of carotid artery cm 0.265 0.305 + 0.04 (Kpuduwei et al., 2022)

P pressure difference between the two ends of the artery | mm Hg | —1.333 —1.333 £ 6.548 (Soleimani et al., 2017)

AP pressure drop due to the reduced arterial diameter mm Hg | 80 75-85 (Soueidan et al., 2010)
drag coefficient % 0.61 0.58-0.64 (Seymour et al., 2020)

L Length of the carotid artery cm 21.65 22.2+£2.2—-20.84+1.9 | (Choudhry et al., 2016)

p density of blood kg/m? | 1060 - (Vitello et al., 2015)

Vv velocity of blood cm/sec | - 30-40 (Lee, 2014)

I3 dynamic viscosity of blood cP 4.5 3.5-55 (Nader et al., 2019)

4.2.2 Geometric Interruption of Blood flow on Carotid artery via a novel Poiseuille-

based model

In order to evaluate the interruption of geometry on blood flow, the proposed Poiseuille model
for blood flow in the pulsatile carotid artery presented in Equation (1.27) is solved and simu-
lated graphically. The results are presented in Figure 4.1.

Figure 4.1 shows four plots, where the first plot indicates a 3D plot of time against radius and
Q (blood flow rate). The second figure indicates a 3D time plot against radius and U (velocity
of blood). The third plot shows radius against Q, and the fourth is a plot of time against
velocity, U and blood flow rate, (). The t plot against R and Q indicates that Q reduces as the
radius increases. This is because the flow rate through a vessel depends not only on its radius
but also on the pressure difference across the artery, the blood’s viscosity, and the artery’s
length. In turbulent flow conditions, as in this case, the flow is characterized by chaotic and
irregular fluid motion, and the relationship between flow rate and radius becomes more com-
plex. Turbulent flow can occur at higher flow velocities or in artery with irregular geometries
or high Reynolds numbers. In such cases, an increase in radius may not necessarily result in
a proportional increase in flow rate due to the turbulent nature of the flow. In the case of this
research, the flow rate reduces as the radius increases due to an increase in vascular stress. It

is also expected that as velocity increases, so does the flow rate.
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Figure 4.1: The results for simulation time of 5 sec.

4.2.3 Vascular stress

The third objective was the effect of vascular stress and pulsatility on blood flow on carotid
artery for a novel Poiseuille-based mathematical. The results is presented in Figure 4.2.

Figure 4.2 indicates that vascular stress W (r,t) increases as the radius of the carotid artery
reduces. Vascular stress refers to the force per unit area applied to the walls of blood vessels.
The stress experienced by the artery walls is influenced by various factors, including blood
pressure, flow rate, and the geometry of the blood vessel, represented by its radius (r). Ac-
cording to the law of Hagen-Poiseuille, the stress or pressure drop (A P) across a cylindrical
vessel is directly proportional to the flow rate (()), the viscosity of blood (1) and inversely
proportional to the fourth power of the radius of the artery (). This relationship is expressed

as AP = % based on Equation (1.27). Therefore, as the radius of the artery reduces, the
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Figure 4.2: The impact of vascular stress and pulsatility on blood flow on carotid artery.

denominator (r*) decreases, leading to an increase in the pressure drop (AP) and, conse-
quently, an increase in vascular stress W (r, t). So, as the radius of the carotid artery reduces,

the stress experienced by its walls increases.

4.3 Discussion

The general observation in the study (see Figure 4.3) is that when r = 1.5mm and t = 0.9sec,
the flow rate, () becomes zero. This explains why in case of accidents and the victims get
injuries on the neck they succumb during the accident. Notably, the empirical velocity ac-
cording to Lee (2014) is V' = 30 —40cm/sec. The simulated velocity based on Equation 1.27
is 33.8419¢m/sec, which is within the range given in literature. Such observation indicates

the reliability of the study results.



56

Plotoft,R and Q 10’ Plotof T, R, and U

Radius against Q tUandQ

Figure 4.3: The results for simulation time of 1.5 sec.

4.3.1 Geometric Interruption of Blood flow on Carotid artery via a novel Poiseuille-

based model

The simulation results of pulsatile blood flow in the carotid artery using a Poiseuille-based
model are presented in Figure 4.1. This section interprets the observed hemodynamic behav-
iors under turbulent conditions, focusing on the influence of arterial geometry on flow rate (),
velocity U, and radius R, and evaluates how the results align with theoretical expectations in
vascular fluid mechanics.

The first plot in Figure 4.1 depicts a three-dimensional surface of flow rate () as a function of
radius and time. Contrary to the classical Poiseuille expectation that flow rate increases with
radius in laminar conditions—according to the proportionality Q oc R*—the present results
show a decrease in () with increasing radius under turbulent conditions. This deviation can
be attributed to the onset of geometric disturbances and secondary flow structures that dom-
inate in post-stenotic or bifurcated regions. As reported by Hameed et al. (2023), turbulent
flows exhibit chaotic velocity fluctuations and eddy formations, which increase energy losses
and wall stress, thereby disrupting the monotonic increase in flow rate predicted by laminar

theory.
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The second plot further confirms this trend by illustrating how the reduction in flow rate per-
sists over time as the radius increases. This non-linear behavior is consistent with theoretical
models of disturbed flow in arterial systems, where alterations in vessel geometry—such as
dilation, curvature, or post-stenotic expansions—can induce localized turbulence and flow
separation. Singh and Singh (2022) noted that such geometrical deviations significantly alter
flow field symmetry and resistance, especially beyond bifurcation points, leading to reduced
effective perfusion.

The third plot offers a more direct analysis of the relationship between radius and flow rate (),
once again revealing an inverse correlation under turbulent conditions. While classical lami-
nar theory would predict increased flow with wider luminal diameter, the results here suggest
that under disrupted flow regimes, enlarged radii may introduce adverse pressure gradients
and backflow zones. These contribute to increased effective resistance and a net reduction
in forward flow, particularly in pathological segments such as aneurysmal expansions or ir-
regular post-traumatic geometries. This observation aligns with findings by Hameed et al.
(2023), who reported similar inverse trends in stenosed models exhibiting turbulent backflow
and elevated wall shear stress (WSS).

The fourth plot explores the relationship between time, velocity U, and flow rate (). A direct
correlation is observed between U and (), which is in agreement with the fundamental conti-
nuity and momentum principles of fluid mechanics, where increased axial velocity enhances
volumetric throughput. This result is consistent with prior literature, such as Fusi and Farina
(2020), who emphasized that in pulsatile and disturbed flow regimes, localized increases in
velocity are required to maintain perfusion despite geometric resistance or hematocrit-related
viscosity changes.

The simulation results exhibit good agreement with established theoretical and empirical
findings. Studies by Hameed et al. (2023) and Singh and Singh (2022) confirm that arte-
rial stenosis and bifurcations significantly influence flow patterns by introducing turbulence,

reverse flow, and high shear regions—features that are replicated in the current model. Fur-
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thermore, works by Dhange et al. (2022b) and Sarifuddin (2022) have shown that vascular
resistance increases non-linearly with stenosis severity, leading to diminished flow rates—a
phenomenon also observed in this simulation through elevated vascular stress and declining
(2 with increasing radius.

These findings reinforce the notion that the classical Poiseuille model, while effective under
idealized laminar conditions, requires modification to capture the complex dynamics of blood
flow in geometrically perturbed and turbulent arterial regions. The model’s deviations under
these conditions underscore the necessity for incorporating turbulent correction factors and

non-Newtonian effects in future CFD-based hemodynamic studies.

4.3.2 Vascular stress

The third objective of this study was to examine the effects of vascular stress and pulsatil-
ity on blood flow in the carotid artery using a novel Poiseuille-based mathematical model.
The results, presented in Figure 4.2, provide important insights into the relationship between
vascular stress, arterial radius, and blood flow, with implications for understanding cardio-
vascular dynamics and potential treatments for arterial diseases.

Figure 4.2 illustrates the increase in vascular stress W (r, t) as the radius of the carotid artery
decreases. Vascular stress is defined as the force per unit area exerted by the flowing blood on
the vessel wall. The governing relationship for this stress is derived from Hagen—Poiseuille’s
law, which relates the pressure drop (AP) across a cylindrical vessel to the radius of the

vessel:

~ 8ulL@Q

mrd

AP

, 4.1)

where r is the radius of the artery, () is the volumetric flow rate, x4 is the dynamic viscosity of
blood, and L is the length of the vessel. As the radius decreases, the denominator r* dimin-
ishes sharply, leading to a pronounced increase in pressure drop A P. This increase translates

directly into heightened vascular stress W (r,t), a phenomenon frequently associated with
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arterial narrowing, as seen in stenotic or atherosclerotic arteries.

The finding that vascular stress increases with decreasing arterial radius aligns with estab-
lished principles of fluid dynamics under both laminar and turbulent flow regimes. In arteries
such as the carotid, which are particularly susceptible to atherosclerotic narrowing, reduc-
tions in vessel diameter cause a significant rise in wall shear stress (WSS) and overall vascu-
lar load. Elevated WSS has been identified as a major contributor to endothelial dysfunction
and plaque instability, which can lead to progressive vascular disease.

According to Hameed et al. (2023), high wall shear stress and irregular flow patterns are
characteristic features of diseased carotid arteries. Their research demonstrated that stenotic
arteries exhibit fluctuating velocity and pressure fields, especially at bifurcation points where
disturbed flow prevails. The present findings are consistent with those observations, indicat-
ing that as arterial radius decreases, vascular stress intensifies, potentially accelerating disease
progression through mechanical irritation and inflammatory response at the vessel wall.
Similarly, Dhange et al. (2022b) observed that narrowing arteries experience increased sur-
face shear stress and hydraulic resistance, emphasizing that the severity of stenosis directly
correlates with elevated wall stress. This relationship mirrors the results shown in Figure 4.2,
where the increase in vascular stress accompanies reductions in radius. Severe narrowing
can therefore precipitate complications such as arterial rupture or thrombosis due to localized
mechanical overload.

The pulsatile nature of blood flow further amplifies these stress effects. Blood flow in large
arteries like the carotid is inherently pulsatile, driven by the rhythmic pumping of the heart.
Fusi and Farina (2020) analyzed Poiseuille flow stability under varying red blood cell (RBC)
concentrations and reported that RBC aggregation near the vessel wall contributes to flow
instability, thereby increasing wall stress in regions of geometric constriction. In the present
model, pulsatility magnifies the stress variations observed in narrowed segments. During sys-
tole, when ventricular contraction increases arterial pressure and velocity, the shear force on

the vessel wall peaks, particularly in constricted regions. As the radius decreases, these pul-
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satile forces become more intense, resulting in periodic mechanical loading that can weaken
the arterial wall over time, consistent with findings by Singh and Singh (2022) on bifurcation-
induced stress concentrations.

The current simulation outcomes also align closely with earlier computational studies. Fojas
and De Leon (2013) developed a two-dimensional model of carotid artery bifurcation and
found that regions of high wall shear stress correspond to arterial narrowing or branching
zones. Their results demonstrated that geometric alterations, such as those caused by stenosis,
produce significant increases in vascular stress and turbulence, an observation corroborated
by the present findings. Similarly, Sarifuddin (2022) investigated the hemodynamic impact
of arterial stenosis and reported that as the degree of narrowing increases, wall shear stress
and vascular stress both intensify. The inverse relationship between radius and stress in this
study supports these conclusions, underscoring how geometrical constriction drives adverse
hemodynamic conditions.

The observed increase in vascular stress with decreasing arterial radius has notable clinical
implications. Elevated wall shear stress is a well-documented factor in the initiation and pro-
gression of atherosclerosis and other vascular disorders. The results of this study suggest that
mitigating arterial narrowing, through surgical interventions such as stenting or angioplasty,
or via pharmacological management of vascular tone, can significantly reduce vascular stress
and improve arterial health. Hameed et al. (2023) emphasized the importance of maintaining
laminar flow and minimizing stress fluctuations in post-stenotic or stented arteries. Restoring
physiological flow conditions and reducing stress oscillations may therefore decrease the risk
of arterial wall damage, enhance vascular recovery, and improve patient outcomes.

The modeled relationship between vascular stress, arterial radius, and pulsatile dynamics
provides a mechanistic explanation for the onset and progression of vascular disease in the
carotid artery. The findings reinforce the need for advanced hemodynamic models that inte-
grate pulsatility, turbulence, and non-Newtonian blood properties to more accurately predict

stress distribution and guide clinical interventions in arterial pathologies.
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CHAPTER FIVE

SUMMARY, CONCLUSION AND RECOMMENDATIONS

5.1 Summary

This study applied the Poiseuille equation to model blood flow in the carotid artery due to
its relevance in describing laminar flow in cylindrical vessels. While suitable for large and
medium-sized arteries under steady, incompressible flow conditions, its limitations became
evident in turbulent and pulsatile regimes, especially in stenosed or geometrically interrupted
arteries. The study addressed key research gaps concerning vascular shear stress, pulsatile

effects, and the influence of carotid artery geometry on flow dynamics.

5.1.1 Geometric Interruption and Flow Dynamics in the Carotid Artery

Simulations using the Poiseuille-based model revealed that geometric disturbances, such as
bifurcations and stenosis, led to a decrease in flow rate () and an increase in vascular stress,
particularly under turbulent conditions. This non-linear behavior, where flow rate inversely
correlated with radius R, aligns with existing literature on stenosed arteries (Hameed et al.,
2023; Singh and Singh, 2022). Additionally, a direct relationship between velocity U and
flow rate was observed, consistent with established fluid dynamics (Fusi and Farina, 2020).
These findings highlight the limitations of the Poiseuille model in non-laminar flow scenar-
i0s and underscore the need for enhanced modeling approaches in geometrically complex

arteries.



62

5.1.2 Vascular Stress and Pulsatility

The study also evaluated the impact of vascular stress W (r,¢) and pulsatile flow. Results
showed that as the artery radius r decreased, vascular stress significantly increased, consis-
tent with Hagen—Poiseuille’s law. This increase was further amplified during systolic phases
due to pulsatile blood flow. Such elevated stress levels are associated with vascular com-
plications, including stenosis, and have been confirmed in previous computational and clin-
ical studies (Dhange et al., 2022b; Fojas and De Leon, 2013; Singh and Singh, 2022). The
findings underscore the model’s limitations in capturing the full spectrum of hemodynamic
phenomena in real physiological conditions and reinforce the importance of accounting for

pulsatility and turbulence in future models.

5.2 Conclusion

This research achieved its objectives by developing and evaluating a Poiseuille-based model
for blood flow in the carotid artery. The study investigated the effects of geometric inter-
ruptions, vascular stress, and pulsatility, revealing that while the model performs adequately
under laminar conditions, it lacks robustness in turbulent and pulsatile regimes. The results
affirm the necessity for more comprehensive models that incorporate arterial geometry, time-
dependent behavior, and shear-driven effects to accurately simulate carotid artery hemody-

namics.

5.2.1 Key Findings

* Geometric interruptions, such as stenosis or bifurcations, were shown to reduce flow

rate () and increase vascular stress under turbulent flow conditions.

* A non-linear inverse relationship between radius and flow rate was observed, diverging

from classical Poiseuille predictions under non-laminar regimes.

* Pulsatility significantly influenced stress distribution, particularly during systolic phases,
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further elevating wall shear stress W (r, ) in narrowed segments.

* The study highlighted the limitations of classical models in accurately capturing com-
plex arterial flow and emphasized the need for models that incorporate pulsatile and

turbulent effects.

5.3 Recommendations

5.3.1 Future Research Directions

(i) Develop advanced computational models that extend Poiseuille’s framework to include

turbulence modeling and pulsatile flow characteristics.

(i1) Investigate the role of non-Newtonian blood properties under varying shear conditions

to improve the accuracy of vascular stress predictions.
(iii) Incorporate patient-specific arterial geometries and physiological data to support per-
sonalized diagnostics and treatment planning for vascular diseases.
5.3.2 Policy and Clinical Recommendations

(1) Encourage integration of advanced blood flow modeling tools in diagnostic workflows

to improve early detection of vascular pathologies such as stenosis.

(i1) Support the design and development of stents and pharmaceutical interventions aimed

at minimizing vascular stress in narrowed arteries.

(i11) Mandate the adoption of computational modeling in clinical practice to improve surgi-

cal planning and risk assessment for patients with arterial abnormalities.
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Appendix I: Support results for Higher time frames
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Figure 5.2: The results for simulation time of 50s sec.
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